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GENERIC INITIAL IDEAL FOR COMPLETE INTERSECTIONS
OF EMBEDDING DIMENSION THREE WITH STRONG
LEFSCHETZ PROPERTY
MIRCEA CIMPOEAS¸
Abstract. We compute the generic initial ideal of a complete intersection of
embedding dimension three with strong Lefschetz property and we show that it is
an almost reverse lexicographic ideal. This enable us to give a proof for Moreno’s
conjecture in the case n = 3.
Keywords: complete intersection, generic initial ideal, Lefschetz property, Moreno’s
conjecture.
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Introduction.
Let S = K[x1, x2, x3] be the polynomial ring over a field K of characteristic zero.
Let f1, f2, f3 be a regular sequence of homogeneous polynomials of degrees d1, d2
and d3 respectively. We consider the ideal I = (f1, f2, f3) ⊂ S. Obviously, S/I is
a complete intersection artinian K-algebra. One can easily check that the Hilbert
series of S/I depends only on the numbers d1, d2 and d3. More precisely,
H(S/I, t) = (1 + t+ · · ·+ td1−1)(1 + t+ · · ·+ td2−1)(1 + t+ · · ·+ td3−1).
[10, Lemma 2.9] gives an explicit form of H(S/I, t).
We say that a homogeneous polynomial f of degree d is semiregular for S/I if the
maps (S/I)t
·f
−→ (S/I)t+d are either injective, either surjective for all t ≥ 0. We say
that S/I has the weak Lefschetz property (WLP) if there exists a linear form ℓ ∈ S,
semiregular on S/I. We say that ℓ is a weak Lefschetz element for S/I. A theorem
of Harima-Migliore-Nagel-Watanabe (see [4]) states that S/I has (WLP). We say
that S/I has the strong Lefschetz property (SLP ) if there exists a linear form ℓ ∈ S
such that ℓb is semiregular on S/I for all integer b ≥ 1. In this case, we say that
ℓ is a strong Lefschetz element for S/I. Of course, (SLP ) ⇒ (WLP ) but it is not
known if S/I has (SLP) for any regular sequence of homogeneous polynomials f1,
f2, f3. This is known only in certain cases, for example, when f1, f2, f3 is generic,
see [8] or when f2 ∈ K[x2, x3] and f3 ∈ K[x3], see [5] and [6].
We say that a property (P ) holds for a generic sequence of homogeneous poly-
nomials f1, f2, . . . , fn ∈ S = K[x1, x2, . . . , xn] of given degree d1, d2, . . . , dn if there
exists a nonempty open Zariski subset U ⊂ Sd1 × Sd2 × · · · × Sdn such that for
every (f1, f2, . . . , fn) ∈ U the property (P) holds. For example, a generic sequence
of homogeneous polynomials f1, f2, . . . , fn ∈ S is regular.
1This paper was supported by the CEEX Program of the Romanian Ministry of Education and
Research, Contract CEX05-D11-11/2005 and by the Higher Education Commission of Pakistan.
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Now, we present some conjectures and the relations between them (see [8]).
Conjecture A.(Fro¨berg) If f1, f2, . . . , fr ∈ S = K[x1, . . . , xn] is a generic sequence
of homogeneous polynomials of given degrees d1, d2, . . . , dr and I = (f1, f2, . . . , fr)
then the Hilbert series of S/I is
H(S/I) =
∣
∣
∣∣
∏r
i=1(1− t
di)
(1− t)n
∣
∣
∣∣ ,
where |
∑
j≥0 att
j | =
∑
j≥0 btt
j, with bj = aj if ai > 0 for all i ≤ j and bj = 0
otherwise.
Conjecture B. If f1, f2, . . . , fn ∈ S = K[x1, . . . , xn] is a generic sequence of ho-
mogeneous polynomials of given degrees d1, d2, . . . , dn and I = (f1, . . . , fn) then
xn, xn−1, . . . , x1 is a semi-regular sequence on A = S/I, i.e. xi is semiregular on
A/(xn, . . . , xi+1) for all 1 ≤ i ≤ n.
Conjecture C. If f1, f2, . . . , fn ∈ S = K[x1, . . . , xn] is a generic sequence of ho-
mogeneous polynomials of given degrees d1, d2, . . . , dn, I = (f1, . . . , fn) and J is the
initial ideal of I with respect to the revlex order, then xn, xn−1, . . . , x1 is a semi-
regular sequence on A = S/(f1, . . . , fn).
Conjecture D.(Moreno) If f1, f2, . . . , fn ∈ S = K[x1, . . . , xn] is a generic sequence
of homogeneous polynomials of given degrees d1, d2, . . . , dn, I = (f1, . . . , fn) and J
is the initial ideal of I with respect to the revlex order, then J is an almost revlex
ideal, i.e. if u ∈ J is a minimal generator of J then every monomial of the same
degree which preceeds u must be in J as well.
Pardue proved in [8] that if conjecture A is true for some positive integer n then
the conjecture B is true for the same n. Also, conjecture C is true for n if and only
if B is true for n and if conjecture B is true for some r then A is true for n < r and
exactly for that r. Also, if conjecture D is true for some n then B, and thus C, are
true for the same n. Fro¨berg [3] and Anick [1] proved that A is true for n ≤ 3 and
so B and C are true for n ≤ 3. Moreno [7] remarked that D is true for n = 2.
Let J = Gin≤(I) be the generic initial ideal of I, with respect to the reverse
lexicographic order. Our aim is to compute J for all regular sequences f1, f2, f3 of
homogeneous polynomials of given degree d1, d2, d3 such that S/I has (SLP). We will
do this in the sections 2 and 3. These computations shown us in particular, that
J depends only on the numbers d1, d2, d3 (this has been already proved by Popescu
and Vladoiu in [10]) and more important, that J is an almost reverse lexicographic
ideal (Theorem 1.1). As a consequence, conjecture Moreno (D) is true for n = 3 and
char(K) = 0 (Theorem 1.2). Note that Conjecture A for n = 3 and the fact that J
is strongly stable does not implies J is almost revlex, and thus does not implies the
Moreno’s conjecture (D) as the example (x21, x1x2, x
3
2, x1x
2
3), shows.
The author wish to thank his Ph.D.adviser, Professor Dorin Popescu, for support,
encouragement and observations on the content of this paper. Also, he owes a special
thank to Dr.Marius Vladoiu for his help and for valuables discussions on the subject
of this paper.
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1. Main results.
Theorem 1.1. If f1, f2, f3 is a regular sequence of homogeneous polynomials of given
degrees d1, d2, d3 and I = (f1, f2, f3) such that S/I has the (SLP) then J = Gin(I)
is uniquely determined and is an almost reverse lexicographic ideal.
Proof. The theorem is a direct consequence of the Propositions 2.3, 2.8, 3.3, 3.8,
3.13 and 3.17. 
Theorem 1.2. The conjecture Moreno (D) is true for n = 3 (and char(K) = 0).
Proof. Notice that (SLP) is an open condition. Also, the condition that a sequence of
homogeneous polynomial is regular is an open condition. It follows, using Theorem
1.1, that for a generic sequence f1, f2, f3 of homogeneous polynomials of given degrees
d1, d2, d3, J = Gin(I) is almost revlex, where I = (f1, f2, f3). But the definition of
the generic initial ideal implies to choose a generic change of variables, and therefore
for a generic sequence f1, f2, f3 of homogeneous polynomials of given degrees in(I)
is almost revlex, as required. 
Remark 1.3. In order to compute the generic initial ideal J we will use the fact
that J is a strongly stable ideal, i.e. for any monomial u ∈ J and any indices j < i,
if xi|u then xju/xi ∈ J . Also, a theorem of Wiebe (see [11]) states that S/I has
(SLP) if and only if x3 is a strong Lefschetz element for S/J . We need to consider
several cases: I. d1 + d2 ≤ d3 + 1 with 2 subcases d1 = d2 < d3, d1 < d2 < d3
(section 2) and II. d1 + d2 > d3 + 1 with 4 subcases: d1 = d2 = d3, d1 = d2 < d3,
d1 < d2 = d3, d1 < d2 < d3 (section 3).
The construction of J in all cases, follows the next procedure. For any nonneg-
ative integer k, we denote by Jk the set of monomials of degree k in J . We can
easily compute the cardinality of each Jk from the Hilbert series of S/J . We denote
Shad(Jk) = {xiu : 1 ≤ i ≤ n, u ∈ Jk}. We begin with J0 = ∅ and we pass from Jk
to Jk+1 noticing that Jk+1 = Shad(Jk)∪ eventually some new monomial(s) (exactly
|Jk+1| − |Shad(Jk)| new monomials). The fact that J is strongly stable and that x3
is a strong Lefschetz element for S/J tell us what we need to add to Shad(Jk) in
order to obtain Jk+1. We continue this procedure until k = d1 + d2 + d3 − 2 since
Jk = Sk(=the set of all monomials of degree k) for any k ≥ d1 + d2 + d3 − 2 and
so we cannot add any new monomials in larger degrees. J is the ideal generated by
all monomials added to Shad(Jk) at some step k. We will present detailed this con-
struction only in the subcase d1 = d2 < d3 of the case I.d1+d2 ≤ d3+1 (Proposition
2.3), the other cases being presented in sketch, but the reader can easily complete the
proofs.
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2. Case d1 + d2 ≤ d3 + 1.
• Subcase d1 = d2 < d3.
Proposition 2.1. Let 2 ≤ d := d1 = d2 < d3 be positive integers such that
2d ≤ d3 + 1. The Hilbert function of the standard graded complete intersection
A = K[x1, x2, x3]/I, where I is the ideal generated by f1, f2, f3, with fi homogeneous
polynomials of degree di, for all i, with 1 ≤ i ≤ 3, has the form:
(1) H(A, k) =
(
k+2
k
)
, for k ≤ d− 1.
(2) H(A, k) =
(
d+1
2
)
+
∑j
i=1(d− i), for k = d− 1 + j, where 0 ≤ j ≤ d− 1.
(3) H(A, k) = d2, for 2d− 2 ≤ k ≤ d3 − 1.
(4) H(A, k) = H(A, 2d+ d3 − 3− k) for k ≥ d3.
Proof. It follows from [10, Lemma 2.9(a)]. 
Corollary 2.2. In the conditions of Proposition 2.1, let J = Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk
the set of monomials of J of degree k, then:
(1) Jk = ∅, for k ≤ d− 1.
(2) |Jk| = j(j + 1), for k = d− 1 + j, where 0 ≤ j ≤ d− 1.
(3) |Jk| = d(d− 1) + 2dj +
j(j−1)
2
, for k = 2d− 2 + j, where 0 ≤ j ≤ d3 + 1− 2d.
(4) |Jk| =
d3(d3+1)
2
− d2 + jd3 + j(j +1), for k = d3− 1+ j, where 0 ≤ j ≤ d− 1.
(5) |Jk| =
d3(d3−1)
2
+d(d3−1)+j(d3+2d), for k = d+d3−2+j, where 0 ≤ j ≤ d.
(6) Jk = Sk, for k ≥ 2d+ d3 − 2, where Sk is the set of monomials of degree k.
Proof. Using that |Jk| = |Sk| − H(S/J, k), together with the general fact that
H(S/J, k) = H(S/I, k), the proof follows immediately from Proposition 2.1. 
Proposition 2.3. Let 2 ≤ d := d1 = d2 < d3 be positive integers such that
2d ≤ d3 + 1. Let f1, f2, f3 ∈ K[x1, x2, x3] be a regular sequence of homogeneous
polynomials of degrees d1, d2, d3. If I = (f1, f2, f3), and J = Gin(I), the generic
initial ideal with respect to the reverse lexicographic order, and S/I has (SLP),
then:
J = (xd1, x
d−j−1
1 x
2j+1
2 for 0 ≤ j ≤ d−1, x
2d−2j−2
2 x
d3−2d+2j+2
3 {x1, x2}
j for 0 ≤ j ≤ d−2,
xd3+2j−23 {x1, x2}
d−j for 1 ≤ j ≤ d).
Proof. We have |Jd| = 2, hence Jd = {x
d−1
1 {x1, x2}}, since J is a strongly stable
ideal. Therefore:
Shad(Jd) = {x
d−1
1 {x1, x2}
2, xd−11 x3{x1, x2}},
Now we have two possibilities to analyze: d = 2 and d ≥ 3. First, suppose d ≥ 3.
Using the formulae from Corollary 2.2 we have |Jd+1| − |Shad(Jd)| = 1, so there
is only one generator to add to the set Shad(Jd) in order to obtain Jd+1. Since J is
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strongly stable, we have only two possibilities: xd−21 x
3
2 or x
d−1
1 x
2
3. We cannot have
xd−11 x
2
3, since otherwise the application
(S/J)d−1
·x2
3−→ (S/J)d+1,
with |(S/J)d−1| < |(S/J)d+1| (see Proposition 2.1) would not be injective (0 6=
xd−11 ∈ (S/J)d−1 and is mapped to 0), which is a contradiction to the fact that x3 is
a strong Lefschetz element for S/J . Hence:
Jd+1 = {x
d−2
1 {x1, x2}
3, xd−11 x3{x1, x2}}.
We prove by induction on j, with 1 ≤ j ≤ d− 2, that:
Jd+j = Shad(Jd+j−1) ∪ {x
d−j−1
1 x
2j+1
2 } =
= {xd−j−11 {x1, x2}
2j+1, xd−j1 x3{x1, x2}
2j−1, . . . , xd−11 x
j
3{x1, x2}}.
The assertion was checked above for j = 1. Assume now that the statement is true
for some j < d− 2. Then Shad(Jd+j) is the following set:
{xd−j−11 {x1, x2}
2j+2, xd−j−11 x3{x1, x2}
2j+1, xd−j1 x
2
3{x1, x2}
2j−1, . . . , xd−11 x
j+1
3 {x1, x2}}.
We have |Jd+j+1|−|Shad(Jd+j)| = 1, so we must add only one generator to Shad(Jd+j)
to get Jd+j+1. The ideal J , being strongly stable, allows only two possibilities,
namely xd−j−21 x
2j+3
2 or x
d−2
1 x
2
2x
j+1
3 . The second one is not allowed because the ap-
plication
(S/J)d
·x
j+1
3−→ (S/J)d+j+1
would not be injective (0 6= xd−21 x
2
2 ∈ (S/J)d and is mapped to 0), x3 being a strong-
Lefschetz element for S/J . Therefore, we must add xd−j−21 x
2j+3
2 and our claim is
proved. In particular, we obtain
J2d−2 = {x1{x1, x2}
2d−3, x21x3{x1, x2}
2d−5, . . . , xd−11 x
d−2
3 {x1, x2}}.
In order to compute Jk, with 2d− 2 ≤ k ≤ d3, we must consider two posibilities.
• 1. d3 = 2d− 1.
Since |J2d−1|−|Shad(J2d−2)| = 2, there are two generators to add to Shad(J2d−2).
We prove that these generators are x2d−12 , x
2d−2
2 x3. Assuming by contradiction that
we have other generators, since J is strongly stable, it follows that there is at least
one generator from the set {x1x
2d−4
2 x
2
3, x
2
1x
2d−6
2 x
3
3, . . . , x
d−2
1 x
2
2x
d−1
3 }. Then, the appli-
cation (S/J)2d−3
·x23−→ (S/J)2d−1 would not be injective, a contradiction since x3 is a
strong Lefschetz element for S/J . Therefore
J2d−1 = Jd3 = {{x1, x2}
2d−1, x3{x1, x2}
2d−2, . . . , xd−11 x
d−1
3 {x1, x2}}.
• 2. d3 > 2d− 1.
Since |J2d−1|−|Shad(J2d−2)| = 1, there is only one generator to add to Shad(J2d−2),
which can be selected from the set {x2d−12 , x1x
2d−4
2 x
2
3, x
2
1x
2d−6
2 x
3
3, . . . , x
d−2
1 x
2
2x
d−1
3 } be-
cause J is strongly stable. In a similar manner to what we have done above can
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be shown that, x3 being a strong Lefschetz element, leaves us as unique possibility
x2d−12 , therefore:
J2d−1 = {{x1, x2}
2d−1, x1x3{x1, x2}
2d−3, . . . , xd−11 x
d−1
3 {x1, x2}}.
One can easily show, using induction on 1 ≤ j ≤ d3 − 2d, if case, that |J2d−1+j | =
|Shad(J2d−2+j)| and J2d−1+j is the set
{{x1, x2}
2d−1+j , . . . , xj3{x1, x2}
2d−1, xj+13 x1{x1, x2}
2d−2, . . . , xd+j−13 x
d−1
1 {x1, x2}}.
In particular, we obtain that Jd3−1 is the set
{{x1, x2}
d3−1, . . . , xd3−2d3 {x1, x2}
2d−1, xd3−2d+13 x1{x1, x2}
2d−3, . . . , xd3−d−13 x
d−1
1 {x1, x2}}.
Since |Jd3|− |Shad(Jd3−1)| = 1, the generator which has to be add to Shad(Jd3−1)
can be selected from the set {x2d−22 x
d3−2d+2
3 , x1x
2d−4
2 x
d3−2d+3
3 , . . . , x
d−2
1 x
2
2x
d3−d
3 } such
that J is strongly stable. The generator is x2d−22 x
d3−2d+2
3 , otherwise the application
(S/J)2d−3
·x
d3−2d+3
3−→ (S/J)d3 is not injective, a contradiction, since x3 is a strong
Lefschetz element for S/J . Hence, we get that Jd3 is
{{x1, x2}
d3 , . . . , xd3−2d+23 {x1, x2}
2d−2, x21x
d3−2d+3
3 {x1, x2}
2d−5, . . . , xd3−d3 x
d−1
1 {x1, x2}},
and one can check that is the same formula as in 1.(d3 = 2d− 1).
Now, we show by induction on 1 ≤ j ≤ d− 2 that
Jd3+j = Shad(Jd3−1+j) ∪ {x
2d−2j−2
2 x
d3−2d+2j+2
3 {x1, x2}
j}.
Indeed, for j = 1, |Jd3+1|−|Shad(Jd3)| = 2 and the generators which must be added
are x1x
2d−4
2 x
d3−2d+4
3 , x
2d−3
2 x
d3−2d+4
3 . If not, since J is strongly stable, then at least
one of the generators belongs to the set {x21x
2d−6
2 x
d3−2d+5
3 , . . . , x
d−2
1 x
2
2x
d3−d+1
3 } (for
d = 3 this is the emptyset). but then the map (S/J)2d−4
x
d3−2d+5
3−→ (S/J)d3+1 is not
injective, contradiction.
Assume now that we proved the assertion for some j < d − 2. Then |Jd3+j+1| −
|Shad(Jd3+j)| = j + 2 and the new generators are x
2d−2j−4
2 x
d3−2d+2j+4
3 {x1, x2}
j+1.
Indeed, if not, since J is strongly stable, then at least one of the generators be-
longs to the set {xj+21 x
2d−2j−6
2 x
d3−2d+2j+5
3 , . . . , x
d−2
1 x
2
2x
d3−d+j+1
3 } (for d = 3 this is the
emptyset...) but then the map (S/J)2d−j−4
x
d3−2d+2j+5
3 −→ (S/J)d3+j+1 is not injective,
contradiction, and we are done. Hence,
Jd3+d−2 = {{x1, x2}
d3+d−2, x3{x1, x2}
d+d3−3, . . . , xd3−23 {x1, x2}
d}.
We prove by induction on 1 ≤ j ≤ d that Jd+d3−2+j = Shad(Jd+d3−3+j) ∪
xd3+2j−23 {x1, x2}
d−j. If j = 1 then |Jd+d3−1| − |Shad(Jd+d3−2)| = d so we must
add d generators, which are precisely the elements of the set xd33 {x1, x2}
d−1. Indeed,
if we have a generator which does not belong to the set it is divisible by xd3+13 and
therefore the map (S/J)d−2
·x
d3+1
3−→ (S/J)d3+d−1 is not injective, which is a contradic-
tion with x3 is a strong Lefschetz element for S/J (the map has to be bijective).
The induction step is similar and finally we obtain that Jd3+2d−2 = Sd3+2d−2 and
thus we cannot add new minimal generators of J in degree > d3 + 2d− 2.
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In order to complete the proof we must consider now d = 2. The hypoth-
esis implies d3 ≥ 3. We already seen that J2 = {x
2
1, x1x2} and Shad(J2) =
{x1{x1, x2}
2, x1x3{x1, x2}}.
Using the formulae from Corollary 2.2 we have |J3| − |Shad(J2)| = 1, so there is
only one generator to add to the set Shad(Jd) in order to obtain Jd+1.
Since J is strongly stable, we have only two possibilities: x32 or x1x
2
3. We can not
have x1x
2
3, since otherwise the application
(S/J)1
·x2
3−→ (S/J)3,
with |(S/J)1| < |(S/J)3| (see Proposition 2.1) would not be injective (0 6= x1 ∈
(S/J)1 and is mapped to 0), which is a contradiction to the fact that x3 is a strong
Lefschetz element for S/J . Hence:
J3 = {{x1, x2}
3, x1x3{x1, x2}}.
Assume now d3 ≥ 4. One can easily show, using induction on 1 ≤ j ≤ d3 − 4, if
case, that |J3+j| = |Shad(J2+j)| and J3+j is the set
{{x1, x2}
3+j, . . . , xj3{x1, x2}
3, xj+13 x1{x1, x2}}.
In particular, we obtain that
Jd3−1 = {{x1, x2}
d3−1, . . . , xd3−43 {x1, x2}
3, xd3−33 x1{x1, x2}}.
Since |Jd3|− |Shad(Jd3−1)| = 1, the generator which has to be add to Shad(Jd3−1)
is exactly x22x
d3−2
3 such that J is strongly stable. Hence, we get
Jd3 = {{x1, x2}
d3, . . . , xd3−33 {x1, x2}
3, x1x
d3−2
3 {x1, x2}},
and one can check that is the same formula as in the case d3 = 3.
Since |Jd3+1| − |Shad(Jd3)| = 1, there is only one generator to add to the set
Shad(Jde) in order to obtain Jd3+1. Since J is strongly stable, we have only two pos-
sibilities: x22x
d3−1
3 or x1x
d3
3 . We can not have x1x
d3
3 , since otherwise the application
(S/J)1
·x
d3
3−→ (S/J)d3+1,
with |(S/J)1| = |(S/J)3| (see Proposition 2.1) would not be injective (0 6= x1 ∈
(S/J)1 and is mapped to 0), which is a contradiction to the fact that x3 is a strong
Lefschetz element for S/J . Hence:
Jd3+1 = {{x1, x2}
d3+1, . . . , xd3−13 {x1, x2}
2}.
Since |Jd3+2| − |Shad(Jd3+1)| = 2 and J is strongly stable, we must add x1x
d3+1
3 and
x2x
d3+1
3 at Shad(Jd3+1) in order to obtain Jd3+2. Hence Jd3+2 = Sd3+2 \ {x
d3+2
3 }.
Finally, since Jd3+3 = Sd3+3 we add x
d3+3
3 at Shad(Jd3+2) and thus we cannot add
new minimal generators of J in degree > d3 + 2. 
Corollary 2.4. In the conditions of the above proposition, the number of minimal
generators of J is d2 + d+ 1.
Example 2.5. Let d1 = d2 = 3 and d3 = 9. Proposition 2.3 implies:
J = (x31, x
2
1x2, x1x
3
2, x
5
2, x
4
2x
5
3, x1x
2
2x
7
3, x
3
2x
7
3, x
9
3{x1, x2}
2, x113 {x1, x2}, x
13
3 ).
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• Subcase d1 < d2 < d3.
Proposition 2.6. Let 2 ≤ d1 < d2 < d3 be positive integers such that
d1 + d2 ≤ d3 + 1. The Hilbert function of the standard graded complete inter-
section A = K[x1, x2, x3]/I, where I is the ideal generated by f1, f2, f3, with fi
homogeneous polynomials of degree di, for all i, with 1 ≤ i ≤ 3, has the form:
(1) H(A, k) =
(
k+2
k
)
, for k ≤ d1 − 1.
(2) H(A, k) =
(
d1+1
2
)
+ jd1, for k = j + d1 − 1, where 0 ≤ j ≤ d2 − d1.
(3) H(A, k) =
(
d1+1
2
)
+ d1(d2 − d1) +
∑j
i=1(d1 − i), for k = j + d2 − 1, where
0 ≤ j ≤ d1 − 1.
(4) H(A, k) = d1d2, for d1 + d2 − 2 ≤ k ≤ d3 − 1.
(5) H(A, k) = H(A, d1 + d2 + d3 − 3− k) for k ≥ d3.
Proof. It follows from [10, Lemma 2.9(a)]. 
Corollary 2.7. In the conditions of Proposition 2.6, let J = Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk
the set of monomials of J of degree k, then:
(1) |Jk| = 0, for k ≤ d− 1.
(2) |Jk| = j(j + 1)/2, for k = j + d1 − 1, where 0 ≤ j ≤ d2 − d1.
(3) |Jk| =
(d2−d1)((d2−d1−1))
2
+ j(d2 − d1) + j(j + 1), for k = j + d2 − 1, where
0 ≤ j ≤ d1 − 1.
(4) |Jk| =
d2
1
+d2
2
−d1−d2
2
+ j(d1 + d2) +
j(j−1)
2
, for k = j + d1 + d2 − 2, where
0 ≤ j ≤ d3 − d1 − d2 + 1.
(5) |Jk| =
d2
3
+d3−2d1d2
2
+ jd3 + j(j + 1), for k = j + d3 − 1 where 0 ≤ j ≤ d1 − 1.
(6) |Jk| =
(d1+d3)(d1+d3−1)+d21−d1−2d1d2
2
+j(d3+2d1)+
j(j−1)
2
, for k = j+d1+d3−2,
where 0 ≤ j ≤ d2 − d1 .
(7) |Jk| =
(d2+d3)(d2+d3−1)+d1(d1−1)
2
+ j(d1 + d2 + d3), for k = d2 + d3 − 2, where
0 ≤ j ≤ d1 − 1.
(8) Jk = Sk, for k ≥ 3d− 2.
Proposition 2.8. Let 2 ≤ d1 < d2 < d3 be positive integers such that d1+d2 ≤ d3+
1. Let f1, f2, f3 ∈ K[x1, x2, x3] be a regular sequence of homogeneous polynomials
of degrees d1, d2, d3. If I = (f1, f2, f3) ,J = Gin(I), the generic initial ideal with
respect to the reverse lexicographic order, and S/I has (SLP),then:
J = (xd11 , x
d1−j
1 x
d2−d1+2j−1
2 for 1 ≤ j ≤ d1 − 1, x
d1+d2−1
2 , x
d1+d2−2
2 x
d3−d1−d2+2
3 ,
xd3−d1−d2+2j+23 x
d1+d2−2j−2
2 {x1, x2}
j for 1 ≤ j ≤ d1 − 2,
xd3+d1−d2−2+2j3 x
d2−d1+1−j
2 {x1, x2}
d1−1 for 1 ≤ j ≤ d2 − d1,
xd3+d2−d1+2j−23 {x1, x2}
d1−j for 1 ≤ j ≤ d1).
Proof. We have |Jd1| = 1, hence Jd1 = {x
d1
1 }, since J is a strongly stable ideal.
Therefore:
Shad(Jd1) = {x
d1
1 {x1, x2}, x
d1
1 x3}.
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Assume d2 > d1 + 1. Since |Jd1+1| = |Shad(Jd1)| from the formulae of 2.7, if follows
Jd1+1 = Shad(Jd1). We prove by induction on 1 ≤ j ≤ d2 − d1 − 1 that
Jd1+j = Shad(Jd1+j−1) = {x
d1
1 {x1, x2}
j, x3x
d1
1 {x1, x2}
j−1, . . . , xj3x
d1
1 }.
Indeed, the case j = 1 is already proved. Suppose the assertion is true for some
j < d2 − d1 − 1. Since |Jd1+j+1| − |Shad(Jd1+j)| = 0 it follows that
Jd1+j+1 = Shad(Jd1+j) = {x
d1
1 {x1, x2}
j+1, x3x
d1
1 {x1, x2}
j, . . . , xj+13 x
d1
1 }
thus we are done. In particular, we get
Jd2−1 = {x
d1
1 {x1, x2}
d2−d1−1, x3x
d1
1 {x1, x2}
d2−d1−2, . . . , xd2−d1−13 x
d1
1 }
which is the same formula as in the case d2 = d1 + 1.
We have |Jd2|−|Shad(Jd2−1)| = 1 so we must add a new generator to Shad(Jd2−1)
to obtain Jd2 . Since J is strongly stable and x3 is a strong Lefschetz element for
S/J this new generator is xd1−11 x
d2−d1+1
2 , therefore
Jd2 = {x
d1−1
1 {x1, x2}
d2−d1+1, x3x
d1
1 {x1, x2}
d2−d1−1, . . . , xd2−d13 x
d1
1 }.
Assume d1 > 2. We prove by induction on 1 ≤ j ≤ d1 − 1 that
Jd2−1+j = Shad(Jd2−2+j) ∪ {x
d1−j
1 x
d2−d1+2j−1
2 } = {x
d1−j
1 {x1, x2}
d2−d1+2j−1,
x3x
d1−j+1
1 {x1, x2}
d2−d1+2j−3, . . . , xj3x
d1
1 {x1, x2}
d2−d1−1, . . . , xd2−d1+j−13 x
d1
1 }.
The assertion was proved for j = 1. Suppose 1 ≤ j < d1−1 and the assertion is true
for j. We have |Jd2+j | − |Shad(Jd2−1+j)| = 1, thus we must add a new generator
to Shad(Jd2−1+j) in order to obtain Jd2+j and since J is strongly stable and x3 is
a strong Lefschetz element for S/J , this is xd1−j−11 x
d2−d1+2j+1
2 and we are done. In
particular, we obtain:
Jd1+d2−2 = {x1{x1, x2}
d1+d2−3, x3x
2
1{x1, x2}
d1+d2−5, . . . ,
xd1−13 x
d1
1 {x1, x2}
d2−d1−1, xd13 x
d1
1 {x1, x2}
d2−d1−2, . . . , xd2−23 x
d1
1 }
and one can check that is the same expression as in the case d1 = 2.
In order to compute Jk, with 2d− 2 ≤ k ≤ d3, we must consider two possibilities.
• 1.d3 = d1 + d2 − 1.
Since |Jd1+d2−1| − |Shad(Jd1+d2−2)| = 2, there are two generators to add to
Shad(Jd1+d2−2) to get Jd1+d2−1, but on the other hand J is strongly stable and x3 is
a strong Lefschetz element for S/J so these generators must be xd1+d2−12 , x
d1+d2−2
2 x3.
Therefore:
Jd1+d2−1 = Jd3 = {{x1, x2}
d1+d2−1, x3{x1, x2}
d1+d2−2, . . . , xd11 x
d2−1
3 }.
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• 2.d3 > d1 + d2 − 1.
Since |Jd1+d2−1| − |Shad(Jd1+d2−2)| = 1, there is only one generator to add to
Shad(J2d−2), which is precisely x
d1+d2−1
2 since J is strongly stable and x3 is a strong
Lefschetz element for S/J . Therefore
Jd1+d2−1 = {{x1, x2}
d1+d2−1, x1x3{x1, x2}
d1+d2−3, . . . , xd11 x
d2−1
3 }.
One can easily show, using induction on 1 ≤ j ≤ d3 − d1 − d2, if case, that
|Jd1+d2−1+j | = |Shad(Jd1+d2−2+j)| and Jd1+d2−1+j is the set
{{x1, x2}
j+d1+d2−1, x3{x1, x2}
j+d1+d2−2, . . . , xj3{x1, x2}
d1+d2−1,
xj+13 x1{x1, x2}
d1+d2−3, . . . , xd1+j3 x
d1
1 {x1, x2}
d2−d1−1, . . . , xj+d2−13 x
d1
1 }
So Jd3−1 = {{x1, x2}
d3−1, x3{x1, x2}
d3−2, . . . , xd3−d1−d23 {x1, x2}
d1+d2−1,
xd3−d1−d2+13 x1{x1, x2}
d1+d2−3, . . . , xd3−d23 x
d1
1 {x1, x2}
d2−d1−1, . . . , xd3−d1−13 x
d1
1 }
Since |Jd3 | − |Shad(Jd3−1)| = 1, J is strongly stable and x3 is a strong Lef-
schetz element for S/J , the generator which has to be added to Shad(Jd3−1) is
xd1+d2−22 x
d3−d1−d2+2
3 . Hence, we get
Jd3 = {{x1, x2}
d3, x3{x1, x2}
d3−1, . . . , xd3−d1−d2+23 {x1, x2}
d1+d2−2,
xd3−d1−d2+33 x
2
1{x1, x2}
d1+d2−5, . . . , xd3−d2+13 x
d1
1 {x1, x2}
d2−d1−1, . . . , xd3−d13 x
d1
1 , }
and one can check that is the same formula as in 1.(d3 = d1 + d2 − 1).
Assume now d1 > 2. We show by induction on 1 ≤ j ≤ d1 − 2 that
Jd3+j = Shad(Jd3−1+j)∪{x
j
1x
d3−d1−d2+2j+2
3 x
d1+d2−2j−2
2 , . . . , x
d3−d1−d2+2j+2
3 x
d1+d2−2−j
2 }.
Indeed, for j = 1, |Jd3+1| − |Shad(Jd3)| = 2 so we must add two generators to
Shad(Jd3) in order to obtain Jd3+1. Since J is strongly stable and x3 is a strong
Lefschetz element for S/J , these new generators are x1x
d3−d1−d2+4
3 x
d1+d2−2j−4
2 and
xd3−d1−d2+43 x
d1+d2−2j−3
2 . Assume now that we proved the assertion for some j < d1−2.
Then |Jd3+j+1|−|Shad(Jd3+j)| = j+2 and since J is strongly stable and x3 is a strong
Lefschetz element for S/J , the new generators are xd3−d1−d2+2j+43 x
d1+d2−2j−4
2 {x1, x2}
j+1
as required. Hence, we get
Jd1+d3−2 = {{x1, x2}
d1+d3−2, . . . , xd3+d1−d2−23 {x1, x2}
d2 ,
xd11 x
d3+d1−d2−1
3 {x1, x2}
d2 , . . . , xd11 x
d3−2
3 },
and one can check that is the same formula as in the case d1 = 2.
We have |Jd1+d3−1| − |Shad(Jd1+d3−2)| = d1 so we must add d1 new generators to
Shad(Jd1+d3−2) and since J is strongly stable and x3 is a strong Lefschetz element
for S/J , they are xd3+d1−d23 x
d2−d1
2 {x1, x2}
d1−1. Therefore Jd1+d3−1 is the set
{{x1, x2}
d1+d3−1, .., xd3+d1−d23 {x1, x2}
d2−1, xd11 x
d3+d1−d2+1
3 {x1, x2}
d2−d1−2, .., xd11 x
d3−1
3 }.
Suppose d1 > 2. We prove by induction on 1 ≤ j ≤ d2 − d1 that:
Jd1+d3−2+j = Shad(Jd1+d3−3+j) ∪ {x
d3+d1−d2−2+2j
3 x
d2−d1+1−j
2 {x1, x2}
d1−1} =
= {{x1, x2}
d1+d3−2+j, . . . , xd3+d1−d2−2+2j3 {x1, x2}
d2−j ,
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xd11 x
d3+d1−d2−1+2j
3 {x1, x2}
d2−d1−j−1, . . . , xd11 x
d3−2+j
3 }.
We already proved this for j = 1. Suppose the assertion is true for some j < d2−d1.
Since |Jd1+d3−1+j | − |Shad(Jd1+d3−2+j)| = d1 we must add d1 new generators to
Shad(Jd1+d3−2+j) and these new generators are x
d3+d1−d2−2+2j
3 x
d2−d1+1−j
2 {x1, x2}
d1−1
because J is strongly stable and x3 is a strong Lefschetz element for S/J . In par-
ticular, we get:
Jd2+d3−2 = {{x1, x2}
d2+d3−2, x3{x1, x2}
d2+d3−3, . . . , xd3+d2−d1−23 {x1, x2}
d1},
which is the same formula as in the case d1 = 2.
We prove by induction on 1 ≤ j ≤ d1 that
Jd2+d3−2+j = Shad(Jd2+d3−3+j) ∪ {x
d3+d2−d1+2j−2
3 {x1, x2}
d1−j}.
If j = 1 then |Jd2+d3−1|−|Shad(Jd2+d3−2)| = d1 so we must add d1 generators, which
are precisely the elements of the set xd33 {x1, x2}
d−1 since J is strongly stable and x3
is a strong Lefschetz element for S/J . The induction step is similar and finally we
obtain that Jd3+2d−2 = Sd3+2d−2 and thus we cannot add new minimal generators of
J in degrees > d3 + 2d− 2. 
Corollary 2.9. In the conditions of the above proposition, the number of minimal
generators of J is 1 + d1 + d1d2.
Example 2.10. Let d1 = 3, d2 = 4 and d3 = 9. Then
J = (x31, x
2
1x
2
2, x1x
4
2, x
6
2, x
5
2x3, x
6
3x
3
2{x1, x2},
x83x2{x1, x2}
2, x103 {x1, x2}
2, x123 {x1, x2}, x
14
3 ).
3. Case d1 + d2 > d3 + 1.
• Subcase d1 = d2 = d3.
Proposition 3.1. Let 2 ≤ d := d1 = d2 = d3 be positive integers. The Hilbert
function of the standard graded complete intersection A = K[x1, x2, x3]/I, where I
is the ideal generated by f1, f2, f3, with fi homogeneous polynomials of degree di,
for all i, with 1 ≤ i ≤ 3, has the form:
(1) H(A, k) =
(
k+2
k
)
, for k ≤ d− 1.
(2) H(A, k) =
(
k+2
2
)
− 3j(j+1)
2
, for k = j + d− 1, where 0 ≤ j ≤
⌊
d−1
2
⌋
.
(3) H(A, k) = H(A, 3d− k − 3), for k ≥
⌈
3d−3
2
⌉
.
Proof. It follows from [10, Lemma 2.9(b)]. 
Corollary 3.2. In the conditions of Proposition 3.1, let J = Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk
the set of monomials of J of degree k, then:
(1) |Jk| = 0, for k ≤ d− 1.
(2) |Jk| =
3j(j+1)
2
, for k = d− 1 + j, where 0 ≤ j ≤ [3d−1
2
].
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(3) If d is even, then |Jk| =
3d2+3d(4j+2)
8
+ 3j(j+1))
2
, for k = j + 3d−2
2
, where
0 ≤ j ≤ d−2
2
.
If d is odd, then |Jk| =
3(d2−1)+12jd
8
+ 3j
2
2
, for k = j+ 3d−3
2
, where 0 ≤ j ≤ d−1
2
.
(4) |Jk| =
3d(d−1)
2
+ 3jd, for k = j + 2d− 2, where 0 ≤ j ≤ d− 1.
(5) Jk = Sk, for k ≥ 3d− 2.
Proposition 3.3. Let 2 ≤ d := d1 = d2 = d3 be positive integers. Let f1, f2, f3 ∈
K[x1, x2, x3] be a regular sequence of homogeneous polynomials of degrees d1, d2, d3.
If I = (f1, f2, f3) , J = Gin(I), the generic initial ideal with respect to the reverse
lexicographic order, and S/I has (SLP), then:
J = (xd−21 {x1, x2}
2, xd−2j−11 x
3j+1
2 , x
d−2j−2
1 x
3j+2
2 for 1 ≤ j ≤
d− 3
2
, x
3d−1
2
2 , x3x
3d−3
3
2 ,
x2j+13 x
2j
1 x
3d−3
2
−3j
2 , . . . , x
2j+1
3 x
3d−3
2
−j
2 , 1 ≤ j ≤
d− 3
2
, xd−2+2j3 {x1, x2}
d−j , 1 ≤ j ≤ d)
if d is odd, or
J = (xd−21 {x1, x2}
2, xd−2j−11 x
3j+1
2 , x
d−2j−2
1 x
3j+2
2 for 1 ≤ j ≤
d− 4
2
, x1x
3d−4
2
2 , x
3d−2
2
2 ,
x2j3 x
2j−1
1 x
3d
2
−3j
2 , . . . , x
2j
3 x
3d−2
2
−j
2 , 1 ≤ j ≤
d− 2
2
, xd−2+2j3 {x1, x2}
d−j , 1 ≤ j ≤ d)
if d is even.
Proof. We have |Jd| = 3, hence Jd = {x
d−2
1 {x1, x2}
2}, since J is strongly stable and
x3 is strong Lefschetz for S/J . Therefore:
Shad(Jd) = {x
d−2
1 {x1, x2}
3, xd−21 x3{x1, x2}
2}.
Now we have four possibilities to analyze: d = 2, d = 3, d = 4 and d ≥ 5.
d = 2. Using the formulae from Corrolary 3.2 we have |J3| − |Shad(J2)| = 2 so
there are two generators to add to Shad(J2) to obtain J3. Since J is strongly stable
and x3 is a strong Lefschetz element for S/J these new generators are x
2
3x1 and x
2
3x2.
Therefore
J3 = {{x1, x2}
3, x3{x1, x2}
2, x23{x1, x2}}.
Since |J4| − |Shad(J3)| = 1 there is only one generator to add to Shad(J3) and this
is precisely x43. It follows J4 = S4 and thus we cannot add new minimal generators
of J in degree > 5.
d = 3. We have |J4| − |Shad(J3)| = 2 so there are two generators to add to
Shad(J3) to obtain J4. Since J is strongly stable and x3 is a strong Lefschetz
element for S/J these new generators are x42 and x3x
3
2. Therefore
J4 = {{x1, x2}
4, x3{x1, x2}
3}.
Since |J5| − |Shad(J4)| = 3 there are three new monomials to add to Shad(J4) in
order to obtain J5. Since J is strongly stable and x3 is a strong Lefschetz element
for S/J these new generators are x33{x1, x2}
2. Analogously, we must add two new
monomial to Shad(J5) in order to obtain J6 and these are x
5
3{x1, x2}. Finally, we
will add x73 and thus we cannot add new minimal generators of J in degree > 7.
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d = 4. We have |J4| − |Shad(J3)| = 2 so there are two generators to add to
Shad(J4) to obtain J5. Since J is strongly stable and x3 is a strong Lefschetz
element for S/J these new generators are x1x
4
2 and x
5
2. Therefore
J5 = {{x1, x2}
5, x21x3{x1, x2}
2}.
Since |J6|−|Shad(J5)| = 2 there are two new monomials to add to Shad(J5) in order
to obtain J6 and using the usual argument these new monomials are x
2
3x1x
2
2, x
2
3x
4
2.
It follows
J6 = {{x1, x2}
6, x3{x1, x2}
5, x23{x1, x2}
4}.
Finally, we will add consequently x43{x1, x2}
3, x63{x1, x2}
2, x83{x1, x2} and x
10
3 .
Suppose now d ≥ 5. We have |Jd+1| − |Shad(Jd)| = 2 so there are two generators
to add to Shad(Jd) to obtain Jd+1. Since J is strongly stable and x3 is a strong
Lefschetz element for S/J these new generators are xd−31 x
4
2, x
d−4
1 x
5
2. It follows
Jd+1 = {x
d−4
1 {x1, x2}
5, xd−21 x3{x1, x2}
3, xd−21 x
2
3{x1, x2}
2}.
We prove by induction on j, with 1 ≤ j ≤
⌊
d−3
2
⌋
that
Jd+j = Shad(Jd+j−1) ∪ {x
d−2j−1
1 x
3j+1
2 , x
d−2j−2
1 x
3j+2
2 } =
= {xd−2j−21 {x1, x2}
3j+2, xd−2j+11 x3{x1, x2}
3j−1, . . . , xd−21 x
j
3{x1, x2}
2},
the assertion being checked for j = 1. Assume now that the statement is true for
some j ≤
⌊
d−3
2
⌋
. Then
Shad(Jd+j) = {x
d−2j−2
1 {x1, x2}
3j+3, xd−2j−21 x3{x1, x2}
3j+2, . . . , xd−21 x
j+1
3 {x1, x2}
2}.
Since |Jd+j+1| − |Shad(Jd+j)| = 2 we must add two generators to Shad(Jd+j) to
obtain Jd+j+1. Using the fact that J is strongly stable and x3 is a strong Lefschetz
element for S/J it follows that these new generators are xd−2j−31 x
3j+4
2 , x
d−2j−4
1 x
3j+5
2 ,
so the induction step is fulfilled.
We must consider now two possibilities.
1. d is odd. We obtain
J 3d−3
2
= {x1{x1, x2}
3d−5
2 , x31x3{x1, x2}
3d−11
2 , . . . , xd−21 x
d−3
2
3 {x1, x2}
2}.
Since |J 3d−1
2
| − |Shad(J 3d−3
2
)| = 2 there are two generators to add to Shad(J 3d−3
2
) to
obtain J 3d−1
2
, and they must be x
3d−1
2
2 , x3x
3d−3
3
2 using the usual argument. Therefore,
J 3d−1
2
= {{x1, x2}
3d−1
2 , x3{x1, x2}
3d−3
2 , . . . , xd−21 x
d−1
2
3 {x1, x2}
2}.
Since |J 3d+1
2
| − |Shad(J 3d−1
2
)| = 1 we must add a 3 new generators to Shad(J 3d−1
2
)
to obtain J 3d+1
2
and since J is strongly stable and x3 is a strong Lefschetz element
for S/J , they are x21x
3
3x
3d−9
2
2 , x1x
3
3x
3d−7
2
2 , x
3
3x
3d−5
2
2 .
We prove by induction on j, with 1 ≤ j ≤ d−3
2
that
J 3d−1
2
+j = {Shad(J 3d−3
2
+j)} ∪ {x
2j+1
3 x
2j
1 x
3d−3
2
−3j
2 , . . . , x
2j+1
3 x
3d−3
2
−j
2 } =
= {{x1, x2}
3d−1
2
+j, x3{x1, x2}
3d−3
2
+j , . . . , x2j+13 {x1, x2}
3d−3
2
−j,
13
x2j+23 x
2j+3
1 {x1, x2}
3d−11
2
−3j , . . . , xd−21 x
d−1
2
+j
3 {x1, x2}
2}.
This assertion is proved for j = 1. Assume the assertion is true for some j < d−3
2
.
Since |J 3d+1
2
+j | − |Shad(J 3d−1
2
+j)| = 2j + 3 we must add 2j + 3 new generators to
Shad(J 3d−1
2
+j) in order to obtain J 3d+1
2
+j . The usual argument implies that those
new generators are x2j+33 x
2j+2
1 x
3d−3
2
−3j−3
2 , . . . , x
2j+3
3 x
3d−3
2
−j−1
2 , which conclude the in-
duction.
2. d is even. We obtain
J 3d−4
2
= {x21{x1, x2}
3d−8
2 , x41x3{x1, x2}
3d−14
2 , . . . , xd−21 x
d−4
2
3 {x1, x2}
2}.
We have |J 3d−2
2
|−|Shad(J 3d−4
2
)| = 2 so we must add two new generators to Shad(J 3d−4
2
)
to obtain J 3d−2
2
. Since J is strongly stable and x3 is a strong Lefschetz element for
S/J , they are x1x
3d−4
2
2 and x
3d−2
2
2 , therefore
J 3d−2
2
= {{x1, x2}
3d−2
2 , x21x3{x1, x2}
3d−8
2 , . . . , xd−21 x
d−2
2
3 {x1, x2}
2}.
Since |J 3d
2
| − |Shad(J 3d−2
2
)| = 2 we must add two new generators to Shad(J 3d−2
2
)
in order to obtain J 3d
2
and since J is strongly stable and x3 is a strong Lefschetz
element for S/J , they are x1x
2
3x
3d−6
2
2 and x
2
3x
3d−4
2
2 .
We prove by induction on j, with 1 ≤ j ≤ d−2
2
that
J 3d−2
2
+j = Shad(J 3d−4
2
+j) ∪ {x
2j
3 x
2j−1
1 x
3d
2
−3j
2 , . . . , x
2j
3 x
3d−2
2
−j
2 }.
The assertion has been proved for j = 1 and suppose it is true for some
j < d−2
2
. Since |J 3d
2
+j| − |Shad(J 3d−2
2
+j)| = 2j + 2 we must add 2j + 2 generators
to Shad(J 3d−2
2
+j) in order to obtain J 3d
2
+j and since J is strongly stable and x3 is a
strong Lefschetz element for S/J they must be x2j+23 x
2j+1
1 x
3d
2
−3j−3
2 , . . . , x
2j+2
3 x
3d−4
2
−j
2 ,
which conclude the induction.
Either if d is even, either if d is odd, we obtain
J2d−2 = {{x1, x2}
2d−2, x3{x1, x2}
2d−2, . . . , xd−23 {x1, x2}
d} = {{x1, x2}
d{x1, x2, x3}
d−2}.
Since |J2d−1| − |Shad(J2d−2)| = d we must add d new generators to Shad(J2d−2) to
obtain J2d−1. But J is strongly stable and x3 is a strong Lefschetz element for S/J ,
so we must add xd3{x1, x2}
d−1, therefore J2d−1 = {{x1, x2}
d−1{x1, x2, x3}
d}. Using
induction on j ≤ d, we prove that
J2d−2+j = Shad(J2d−3+j) ∪ {x
d−2+2j
3 {x1, x2}
d−j} = {x1, x2}
d−j{x1, x2, x3}
d−2+2j .
For j = 1 we already proved. Suppose the assertion is true for j < d. We have
|J2d−1+j | − |Shad(J2d−2+j)| = d − j so we must add d − j new monomials to
Shad(J2d−2+j) to obtain J2d−1+j and from the usual argument, these new monomi-
als are xd+2j3 {x1, x2}
d−j−1. Finally, since J3d−2 = S3d−2 we cannot add new minimal
generators of J in degree > 3d− 2. 
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Corollary 3.4. In the conditions above, the number of minimal generators of J is
1 + d(d+1)
2
+ (d+1)
2
4
when d is odd, or 1 + d(d+1)
2
+ d(d+2)
4
when d is even.
Example 3.5. (1) Let d1 = d2 = d3 = 5. Then
J = (x31{x1, x2}
2, x21x
4
2, x1x
5
2, x
7
2, x3x
6
2, x
3
2x
3
3{x1, x2}
2,
x53{x1, x2}
4, x73{x1, x2}
3, x93{x1, x2}
2, x113 {x1, x2}, x
13
3 ).
(2) Let d1 = d2 = d3 = 6. Then
J = (x41{x1, x2}
2, x31x
4
2, x
2
1x
5
2, x1x
7
2, x
8
2, x
6
2x
2
3{x1, x2}, x
3
2x
4
3{x1, x2}
3,
x63{x1, x2}
5, x83{x1, x2}
4, x103 {x1, x2}
3, x612{x1, x2}
2, x614{x1, x2}, x
6
16)
• Subcase d1 = d2 < d3.
Proposition 3.6. Let 2 ≤ d := d1 = d2 < d3 be positive integers such that
d1+ d2 > d3+1. The Hilbert function of the standard graded complete intersection
A = K[x1, x2, x3]/I, where I is the ideal generated by f1, f2, f3, with fi homogeneous
polynomials of degree di, for all i, with 1 ≤ i ≤ 3, has the form:
(1) H(A, k) =
(
k+2
k
)
, for k ≤ d− 1.
(2) H(A, k) =
(
d+1
2
)
+
∑j
i=1(d− i), for k = j + d− 1, where 0 ≤ j ≤ d3 − d.
(3) H(A, k) =
(
d+1
2
)
+
∑d3−d
i=1 (d − i) +
∑j
i=1(2d − d3 − 2i), for k = j + d3 − 1,
where 0 ≤ j ≤
⌊
2d−d3−1
2
⌋
.
(4) H(A, k) = H(A, d3 + 2d− 3− k),for k ≥
⌈
d3+2d−3
2
⌉
.
Proof. It follows from [10, Lemma 2.9(b)]. 
Corollary 3.7. In the conditions of Proposition 3.6, let J = Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk
the set of monomials of J of degree k, then:
(1) |Jk| = 0, for k ≤ d− 1.
(2) |Jk| = j(j + 1), for k = j + d− 1 where 0 ≤ j ≤ d3 − d.
(3) |Jk| = d
2
3+ d3− d
2− d− 2dd3+ j(2d3− d)+
3j(j+1)
2
, for k = j+ d3− 1, where
0 ≤ j ≤
⌊
2d−d3−1
2
⌋
.
(4) If d3 is even then |Jk| =
4d2+3d2
3
−4dd3+4d
8
+ j(2d+d3)
2
+ 3j(j+1)
2
, for k = j+ 2d+d3−2
2
,
where 0 ≤ j ≤ 2d−d3−2
2
.
If d3 is odd then |Jk| =
3d23+4d
2−4dd3−3
2
+ j(2d+d3−3)
2
+ 3j(j+1)
2
, for k = j +
2d+d3−3
2
, where 0 ≤ j ≤ 2d−d3−1
2
.
(5) |Jk| = 3d
2 − 2d+ d3(d3+1)
2
− 2dd3 + (4d− d3)j + j(j − 1), for k = j + 2d− 2,
where 0 ≤ j ≤ d3 − d.
(6) |Jk| =
(d+d3)(d+d3−1)
2
− d(d+1)
2
+ j(2d + d3), for k = j + d3 + d − 2, where
0 ≤ j ≤ d− 1.
(7) Jk = Sk, for k ≥ 3d− 2.
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Proposition 3.8. Let 2 ≤ d := d1 = d2 < d3 be positive integers such that
2d > d3 + 1. Let f1, f2, f3 ∈ K[x1, x2, x3] be a regular sequence of homogeneous
polynomials of degrees d1, d2, d3. If I = (f1, f2, f3), J = Gin(I), the generic initial
ideal with respect to the reverse lexicographic order and S/I has (SLP), then if d3
is even, we have:
J = (xd1, x
d−1
1 x2, x
d−j−1
1 x
2j+1
2 for 1 ≤ j ≤ d3 − d− 1,
x2d−d3−2j+11 x
2d3−2d+3j−2
2 , x
2d−d3−2j
1 x
2d3−2d+3j−1
2 for 1 ≤ j ≤
2d− d3
2
,
x2j3 x
2j−1
1 x
2d+d3−2
2
−3j
2 , . . . , x
2j
3 x
2d+d3−4
2
−j
2 for 1 ≤ j ≤
2d− d3 − 2
2
,
x2d−d3−2+2j3 x
2d3−2d+2−2j
2 {x1, x2}
2d−d3+j−2, 1 ≤ j ≤ d3−d, x
d3−2+2j
3 {x1, x2}
d−j , 1 ≤ j ≤ d).
Otherwise, if d3 is odd, we have
J = (xd1, x
d−1
1 x2, x
d−j−1
1 x
2j+1
2 for 1 ≤ j ≤ d3 − d− 1,
x2d−d3−2j+11 x
2d3−2d+3j−2
2 , x
2d−d3−2j
1 x
2d3−2d+3j−1
2 for 1 ≤ j ≤
2d− d3 − 1
2
,
x
2d+d3−1
2
2 , x3x
2d+d3−3
2
2 , x
2j+1
3 x
2j
1 x
2d+d3−3
2
−3j
2 , . . . , x
2j+1
3 x
2d+d3−3
2
−j
2 , 1 ≤ j ≤
2d− d3 − 3
2
,
x2d−d3−2+2j3 x
2d3−2d+2−2j
2 {x1, x2}
2d−d3+j−2, 1 ≤ j ≤ d3−d, x
d3−2+2j
3 {x1, x2}
d−j , 1 ≤ j ≤ d).
Proof. We note first that d ≥ 3. Indeed, if d = 2 then the condition 2d > d3 + 1
implies d3 = 2 which is a contradiction. We have |Jd| = 2, hence Jd = x
d−1
1 {x1, x2},
since J is strongly stable. Therefore:
Shad(Jd) = {x
d−1
1 {x1, x2}
2, xd−11 x3{x1, x2}}.
Assume d3 > d+ 1. Since |Jd+1| − |Shad(Jd)| = 1 we must add a new generator to
Shad(Jd) in order to obtain Jd+1. On the other hand, J is strongly stable and x3 is
a strong Lefschetz element for S/J so this new generator is xd−21 x
3
2, therefore
Jd+1 = {x
d−2
1 {x1, x2}
3, xd−11 x3{x1, x2}}.
We prove by induction on 1 ≤ j ≤ d3 − d− 1 that
Jd+j = Shad(Jd−1+j) ∪ {x
d−j−1
1 x
2j+1
2 } = {x
d−j−1
1 {x1, x2}
2j+1, . . . , xd−11 x
j
3{x1, x2}}.
The case j = 1 was done. Suppose the assertion is true for some j < d3 − d − 1.
Then, since |Jd+j+1|−|Shad(Jd+j)| = 1 it follows that we must add one generator to
Shad(Jd+j) in order to obtain Jd+j+1. Since J is strongly stable and x3 is a strong
Lefschetz element for S/J , this new generator must be xd−j−21 x
2j+3
2 . In particular,
Jd3−1 = {x
2d−d3
1 {x1, x2}
2d3−2d−1, x2d−d3+11 x3{x1, x2}
2d3−2d−3, . . . , xd3−d−13 x
d−1
1 {x1, x2}},
which is the same formula as in the case d3 = d+ 1.
We need to consider several possibilities. First, suppose d3 = 2d − 2. We have
|Jd3 | − |Shad(Jd3−1)| = 2 so we must add two generators to Shad(Jd3−1) in order
to obtain Jd3 = J2d−2. But since J is strongly stable and x3 is a strong Lefschetz
element for S/J , these new generators are x1x
2d−3
2 and x
2d−2
2 .
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Suppose now d3 < 2d − 2. Since |Jd3 | − |Shad(Jd3−1)| = 2 we must add two
generators to Shad(Jd3−1) in order to obtain Jd3 . J strongly stable and x3 is a strong
Lefschetz element for S/J force us to choose x2d−d3−11 x
2d3−2d+1
2 , x
2d−d3−2
1 x
2d3−2d+2
2 , so
Jd3 = {x
2d−d3−2
1 {x1, x2}
2d3−2d, x2d−d31 x3{x1, x2}
2d3−2d−1, x2d−d3+11 x
2
3{x1, x2}
2d3−2d−3}.
We show by induction on 1 ≤ j ≤
⌊
2d−d3+1
2
⌋
that
Jd3−1+j = Shad(Jd3−2+j) ∪ {x
2d−d3−2j+1
1 x
2d3−2d+3j−2
2 , x
2d−d3−2j
1 x
2d3−2d+3j−1
2 } =
= {x2d−d3−2j1 {x1, x2}
2d3−2d+3j−1, x3x
2d−d3−2j+2
1 {x1, x2}
2d3−2d+3j−4, . . . ,
xj3x
2d−d3
1 {x1, x2}
2d3−2d−1, xj+13 x
2d−d3+1
1 {x1, x2}
2d3−2d−3, . . . , xd3−d−1+j3 x
d−1
1 {x1, x2}}.
We already done the case j = 1. Suppose the assertion is true for some
j <
⌊
2d−d3+1
2
⌋
. We have |Jd3+j | − |Shad(Jd3+j−1)| = 2 so we add two generators
to Shad(Jd3+j−1) and they must be x
2d−d3−2j−1
1 x
2d3−2d+3j+1
2 , x
2d−d3−2j−2
1 x
2d3−2d+3j+2
2
from the usual argument. In the following, we distinguish between two possibilities:
d is even or d is odd. If d is even, we get
J 2d+d3−4
2
= {x21{x1, x2}
2d+d3−8
2 , x3x
4
1{x1, x2}
2d+d3−14
2 , . . . ,
x
2d−d3−2
2
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3−3
2
3 x
d−1
1 {x2, x2}}.
We have |J 2d+d3−2
2
|−|Shad(J 2d+d3−4
2
)| = 2 so we add two generators to Shad(J 2d+d3−4
2
)
and they must be x1x
2d+d3−4
2
2 , x
2d+d3−2
2
2 , so:
J 2d+d3−2
2
= {{x1, x2}
2d+d3−2
2 , x3x
2
1{x1, x2}
2d+d3−8
2 , . . . ,
, x
2d−d3
2
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3−2
2
3 x
d−1
1 {x2, x2}}.
One can easily show by induction on 1 ≤ j ≤ 2d−d3−2
2
, if case, that
J 2d+d3−2
2
+j
= Shad(J 2d+d3−4
2
+j
) ∪ {x2j3 x
2j−1
1 x
2d+d3−2
2
−3j
2 , . . . , x
2j
3 x
2d+d3−4
2
−j
2 } =
= {{x1, x2}
2d+d3−2
2
+j , . . . , x2j3 {x1, x2}
2d+d3−2
2
−j , x2j+13 x
2j+2
1 {x1, x2}
2d+d3−8
2
−3j , . . . ,
x
2d−d3
2
+j
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3−2
2
+j
3 x
d−1
1 {x1, x2}}.
Indeed, if j = 1, we have |J 2d+d3
2
+j
| − |Shad(J 2d+d3−2
2
+j
)| = 2 so we must add two
monomials to Shad(J 2d+d3−2
2
+j
) in order to obtain J 2d+d3
2
+j
. Since J is strongly stable
and x3 is a strong Lefschetz element for S/J , these new monomials are x
2
3x1x
2d+d3−2
2
−3
2
and x23x
2d+d3−2
2
−2
2 . The induction step is similar.
If d is odd, we have J 2d+d3−3
2
= {x1{x1, x2}
2d+d3−5
2 , x3x
3
1{x1, x2}
2d+d3−11
2 , . . . ,
x
2d−d3−1
2
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3−3
2
3 x
d−1
1 {x2, x2}}.
17
Since |J 2d+d3−1
2
| − |Shad(J 2d+d3−3
2
)| = 2 we add two generators to Shad(J 2d+d3−3
2
)
in order to obtain J 2d+d3−1
2
. Since J is strongly stable and x3 is a strong Lefschetz
element for S/J , these new monomials are x
2d+d3−1
2
2 , x3x
2d+d3−3
2
2 , therefore:
J 2d+d3−1
2
= {{x1, x2}
2d+d3−1
2 , x3{x1, x2}
2d+d3−3
2 , x23x
3
1{x1, x2}
2d+d3−11
2 , . . . ,
x
2d−d3+1
2
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3−1
2
3 x
d−1
1 {x2, x2}}.
Assume d3 < 2d−3 (otherwise
2d+d3−1
2
= 2d−2). |J 2d+d3+1
2
|−|Shad(J 2d+d3−3
2
)| = 3 so
we must add 3 generators to Shad(J 2d+d3−3
2
) to obtain J 2d+d3+1
2
. The usual argument
implies that they are x21x
3
3x
2d+d3−9
2
2 , x1x
3
3x
2d+d3−7
2
2 , x
3
3x
2d+d3−5
2
2 and thus
J 2d+d3+1
2
= {{x1, x2}
2d+d3+1
2 , x3{x1, x2}
2d+d3−1
2 , x23{x1, x2}
2d+d3−3
2 , x33{x1, x2}
2d+d3−5
2 , . . . ,
x
2d−d3+3
2
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3+1
2
3 x
d−1
1 {x2, x2}}.
One can easily prove by induction on 1 ≤ j ≤ 2d−d3−3
2
that
J 2d+d3−1
2
+j
= Shad(J 2d+d3−3
2
+j
) ∪ {x2j+13 x
2j
1 x
2d+d3−3
2
−3j
2 , . . . , x
2j+1
3 x
2d+d3−3
2
−j
2 } =
= {{x1, x2}
2d+d3−1
2
+j , . . . , x2j+13 {x1, x2}
2d+d3−3
2
−j, x2j+23 x
2j+3
1 {x1, x2}
2d+d3−11
2
−3j ,
x
2d−d3+1
2
+j
3 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , x
d3−1
2
+j
3 x
d−1
1 {x1, x2}}.
In all cases above, we get: J2d−2 = {{x1, x2}
2d−2, x3{x1, x2}
2d−3, . . . ,
x2d−d3−23 {x1, x2}
d3, x2d−d3−13 x
2d−d3
1 {x1, x2}
2d3−2d−1, . . . , xd−23 x
d−1
1 {x1, x2}}.
We have |J2d−1|− |Shad(J2d−2)| = 2d−d3 so we must add 2d−d3 new generators
to Shad(J2d−2) to obtain J2d−1. We get J2d−1 = {{x1, x2}
2d−1, x3{x1, x2}
2d−2, . . . ,
x2d−d33 {x1, x2}
d3−1, x2d−d3+13 x
2d−d3+1
1 {x1, x2}
2d3−2d−3, . . . , xd−13 x
d−1
1 {x1, x2}}.
One can easily show by induction of 1 ≤ j ≤ d3 − d that
J2d−2+j = Shad(J2d−3+j) ∪ {x
2d−d3−2+2j
3 x
2d3−2d+2−2j
2 {x1, x2}
2d−d3+j−2} =
= {{x1, x2}
2d−2+j , x3{x1, x2}
2d−3+j , . . . , x2d−d3−2+2j3 {x1, x2}
d3−j,
x2d−d3−1+2j3 x
2d−d3+j
1 {x1, x2}
2d3−2d−1−2j , . . . , xd−2+j3 x
d−1
1 {x1, x2}}.
In particular, we get: Jd+d3−2 = {{x1, x2}
d+d3−2, x3{x1, x2}
d+d3−3, . . . , xd3−23 {x1, x2}
d}.
We have |Jd+d3−1| − |Shad(Jd+d3−2)| = d so we must add d new generators to
Shad(Jd+d3−2) in order to obtain Jd+d3−1. Since J is strongly stable and x3 is a
strong Lefschetz element for S/J , these new generators are xd33 {x1, x2}
d−1 so
Jd+d3−1 = {{x1, x2}
d+d3−1, x3{x1, x2}
d+d3−2, . . . , xd33 {x1, x2}
d−1}.
Now, one can easily prove by induction on 1 ≤ j ≤ d− 1 that Jd+d3−2+j is the set
Shad(Jd+d3−3+j)∪{x
d3−2+2j
3 {x1, x2}
d−j} = {{x1, x2}
d+d3−2+j, . . . , xd3−2+2j3 {x1, x2}
d−j}.
Finally we obtain that Jd3+2d−2 = Sd3+2d−2 and thus we cannot add new minimal
generators of J in degree > d3 + 2d− 2. 
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Corollary 3.9. In the conditions of the above proposition, the number of minimal
generators of J is d(d+ 1)−
(
2d−d3
2
)2
+ 1 if d3 is even or d(d+ 1)−
(2d−d3)2−1
4
+ 1
if d3 is odd.
Example 3.10. (1) Let d1 = d2 = 4 and d3 = 6. We have
J = (x41, x
3
1x2, x
2
1x
3
2, x1x
5
2, x
6
2, x
2
3x
4
2{x1, x2}, x
4
3x
2
2{x1, x2}
2,
x63{x1, x2}
3, x83{x1, x2}
2, x103 {x1, x2}, x
12
3 ).
(2) Let d1 = d2 = 4 and d3 = 5. We have:
J = (x41, x
3
1x2, x
2
1x
3
2, x1x
4
2, x
6
2, x
5
2x3, x
3
3x
2
2{x1, x2}
2,
x53{x1, x2}
3, x73{x1, x2}
2, x93{x1, x2}, x
11
3 ).
• Subcase d1 < d2 = d3.
Proposition 3.11. Let 2 ≤ d1 < d2 = d3 =: d be positive integers. The Hilbert
function of the standard graded complete intersection A = K[x1, x2, x3]/I, where I
is the ideal generated by f1, f2, f3, with fi homogeneous polynomials of degree di,
for all i, with 1 ≤ i ≤ 3, has the form:
(1) H(A, k) =
(
k+2
k
)
, for k ≤ d1 − 2.
(2) H(A, k) =
(
d1+1
2
)
+ jd1, for k = j + d1−, where 0 ≤ j ≤ d− d1.
(3) H(A, k) =
(
d1+1
2
)
+ d1(d − d1) +
∑j
i=1(d1 − 2i), for k = j + d − 1, where
0 ≤ j ≤
⌊
d1−1
2
⌋
.
(4) H(A, k) = H(A, d1 + 2d− 3− k), for k ≥
⌈
d1+2d−3
2
⌉
.
Proof. It follows from [10, Lemma 2.9(b)]. 
Corollary 3.12. In the conditions of Proposition 3.11, let J = Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk
the set of monomials of J of degree k, then:
(1) |Jk| = 0, for k ≤ d1 − 1.
(2) |Jk| = j(j + 1)/2, for k = j + d1 − 1, where 0 ≤ j ≤ d− d1.
(3) |Jk| =
(d−d1)(d−d1−1)
2
+ j(d − d1) +
3j(j+1)
2
, for k = j + d − 1, where 0 ≤ j ≤⌊
d1−1
2
⌋
.
(4) If d1 is even then |Jk| =
3d2
1
+2d1+4d2+4d−4dd1
8
+ j(2d+d1)
2
+ 3j(j+1)
2
, for k =
j + 2d+d1−2
2
, where 0 ≤ j ≤ d1−2
2
.
If d1 is odd then |Jk| =
3d21+4d
2−4dd1−3
2
+ j(2d+d1)
2
+ 3j
2
2
for k = j + 2d+d1−3
2
,
where 0 ≤ j ≤ d1−1
2
.
(5) |Jk| =
d(d−1)
2
+ d1(d1− 1) + j(2d1+ d) +
j(j−1)
2
, for k = j + d1 + d− 2 , where
0 ≤ j ≤ d− d1.
(6) |Jk| =
2d(2d−1)−d1(d1−1)
2
+ j(2d+d1)), for k = j+2d−2, where 0 ≤ j ≤ d1−1.
(7) Jk = Sk, for k ≥ 3d− 2.
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Proposition 3.13. Let 2 ≤ d1 < d2 = d3 =: d be positive integers. Let f1, f2, f3 ∈
K[x1, x2, x3] be a regular sequence of homogeneous polynomials of degrees d1, d2, d3.
Let I = (f1, f2, f3), J = Gin(I), the generic initial ideal with respect to the reverse
lexicographic order and S/I has (SLP), then if d1 is even we have:
J = (xd11 , x
d1−2j+1
1 x
d−d1−2+3j
2 , x
d1−2j
1 x
d−d1−1+3j
2 for 1 ≤ j ≤
d1 − 2
2
,
x1x
d1+2d−4
2
2 , x
d1+2d−4
2
2 , x
2j
3 x
2j−1
1 x
d1+2d
2
−3j
2 , . . . , x
2j
3 x
d1+2d−2
2
−j
2 for 1 ≤ j ≤
d1 − 4
2
,
xd1−2+2j3 x
d−d1−j+1
2 {x1, x2}
d1−1 for 1 ≤ j ≤ d− d1,
x2d−d1−2+2j3 {x1, x2}
d1−j for 1 ≤ j ≤ d1).
Otherwise, if d1 is odd, then:
J = (xd11 , x
d1−2j+1
1 x
d−d1−2+3j
2 , x
d1−2j
1 x
d−d1−1+3j
2 for 1 ≤ j ≤
d1 − 1
2
,
x
d1+2d−1
2
2 , x3x
d1+2d−3
2
2 , x
2j+1
3 x
2j
1 x
d1+2d−3
2
−3j
2 , . . . , x
2j+1
3 x
d1+2d−3
2
−3j
2 for 1 ≤ j ≤
d1 − 3
2
,
xd1−2+2j3 x
d−d1−j+1
2 {x1, x2}
d1−1 for 1 ≤ j ≤ d− d1,
x2d−d1−2+2j3 {x1, x2}
d1−j for 1 ≤ j ≤ d1).
Proof. We have |Jd1 | = 1, hence Jd1 = {x
d1
1 }, since J is a strongly stable. Therefore:
Shad(Jd1) = {x
d1
1 {x1, x2}, x
d1
1 x3}.
Assume d > d1 + 1. Using the formulae from 3.12 we get |Jd1+1| − |Shad(Jd1)| = 0
so Jd1+1 = Shad(Jd1). We show by induction on 1 ≤ j ≤ d− d1 that
Jd1+j = Shad(Jd1−1+j) = {x
d1
1 {x1, x2}
j, xd11 x3{x1, x2}
j−1, . . . , xd11 x
j
3}.
We already prove this for j = 1. Suppose the assertion is true for some j < d− d1.
Since |Jd1+j | = |Shad(Jd1−1+j)| we have Jd1+j = Shad(Jd1−1+j) thus the induction
step is done. In particular, we get:
Jd−1 = {x
d1
1 {x1, x2}
d−d1−1, xd11 x3{x1, x2}
d−d1−2, . . . , xd11 x
d−d1−1
3 }.
which is the same expression as in the case d = d1 + 1.
In the following, we consider two possibilities. First, suppose d1 = 2. We have
|Jd| − |Shad(Jd−1)| = 2 so we must add two new generators to Shad(Jd−1) in order
to obtain Jd. Since J is strongly stable and x3 is a strong Lefschetz element for S/J
these new generators are x1x
d−1
2 and x
d
2.
Suppose now d1 > 2. We have |Jd| − |Shad(Jd−1)| = 2 so we must add two new
generators to Shad(Jd−1) in order to obtain Jd. Since J is strongly stable and x3 is a
strong Lefschetz element for S/J these new generators are xd1−11 x
d−d1+1
2 , x
d1−2
1 x
d−d1+2
2 .
Therefore
Jd = {x
d1−2
1 {x1, x2}
d−d1 , xd11 x3{x1, x2}
d−d1−1, . . . , xd11 x
d−d1
3 }.
We prove by induction on 1 ≤ j ≤
⌊
d1−1
2
⌋
that:
Jd−1+j = Shad(Jd−2+j) ∪ {x
d1−2j+1
1 x
d−d1−2+3j
2 , x
d1−2j
1 x
d−d1−1+3j
2 } =
20
= {xd1−2j1 {x1, x2}
d−d1−1−3j , xd1−2j+21 x3{x1, x2}
d−d1−4−3j , . . . , xd11 x
j
3{x1, x2}
d−d1−1,
xd11 x
j+1
3 {x1, x2}
d−d1−2, . . . , xd11 x
d−d1+j−1
3 }.
We already done the case j = 1. Suppose the assertion is true for some j <
⌊
d1−1
2
⌋
.
Since |Jd+j| − |Shad(Jd−1+j)| = 2 we must add two generators to Shad(Jd−1+j) in
order to obtain |Jd+j| and they are x
d1−2j−1
1 x
d−d1+3j+1
2 , x
d1−2j−2
1 x
d−d1+3j+2
2 because
J is strongly stable and x3 is a strong Lefschetz element for S/J . Therefore, the
induction step is done.
In the following, we consider two possibilities: d1 is even or d1 is odd. First,
suppose d1 is even. We have
J d1+2d−4
2
= {x21{x1, x2}
d1+2d−8
2 , x41x3{x1, x2}
d1+2d−14
2 , . . . , xd11 x
d1−2
2
3 {x1, x2}
d−d1−1,
xd11 x
d1
2
3 {x1, x2}
d−d1−2, . . . , xd11 x
2d−d1−4
2
3 }.
Since |J d1+2d−2
2
| − |Shad(J d1+2d−4
2
)| = 2 we need to add two new monomials to
Shad(J d1+2d−4
2
) and since J is strongly stable and x3 is a strong Lefschetz element
for S/J , they are x1x
d1+2d−4
2
2 , x
d1+2d−4
2
2 , thus:
J d1+2d−2
2
= {{x1, x2}
d1+2d−2
2 , x3x
2
1{x1, x2}
d1+2d−8
2 , x41x
2
3{x1, x2}
d1+2d−14
2 , . . . ,
xd11 x
d1
2
3 {x1, x2}
d−d1−1, xd11 x
d1+2
2
3 {x1, x2}
d−d1−2, . . . , xd11 x
2d−d1−2
2
3 }.
One can easily show by induction on 1 ≤ j ≤ d1−2
2
that
J d1+2d−2
2
+j
= Shad(J d1+2d−4
2
+j
) ∪ {x2j3 x
2j−1
1 x
d1+2d
2
−3j
2 , . . . , x
2j
3 x
d1+2d−2
2
−j
2 } =
= {{x1, x2}
d1+2d−2
2
+j , x3{x1, x2}
d1+2d−4
2
+j , . . . , x2j3 {x1, x2}
d1+2d−2
2
−j ,
x2j+13 x
2j+2
1 {x1, x2}
d1+2d−8
2
−3j , . . . , x
d1
2
3 x
d1
1 {x1, x2}
d−d1−1, . . . , xd11 x
2d−d1−2
2
+j
3 }.
The assertion was already done for j = 1 and the induction step is similar.
If d1 is odd, we get
J d1+2d−3
2
= {x1{x1, x2}
d1+2d−5
2 , x31x3{x1, x2}
d1+2d−11
2 , . . . , xd11 x
d1−1
2
3 {x1, x2}
d−d1−1,
xd11 x
d1+1
2
3 {x1, x2}
d−d1−2, . . . , xd11 x
2d−d1−3
2
3 }.
Since |J d1+2d−1
2
| − |Shad(J d1+2d−3
2
)| = 2 we add two generators to Shad(J d1+2d−3
2
)
in order to obtain J d1+2d−1
2
and they must be x
d1+2d−1
2
2 , x3x
d1+2d−3
2
2 , therefore:
J d1+2d−1
2
= {{x1, x2}
d1+2d−1
2 , x3{x1, x2}
d1+2d−3
2 , x31x
2
3{x1, x2}
d1+2d−11
2 , . . . ,
xd11 x
d1+1
2
3 {x1, x2}
d−d1−1, xd11 x
d1+3
2
3 {x1, x2}
d−d1−2, . . . , xd11 x
2d−d1−1
2
3 }.
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Since |J d1+2d+1
2
|−|Shad(J d1+2d−1
2
)| = 3, we add 3 new generators to Shad(J d1+2d−1
2
) in
order to obtain J d1+2d+1
2
and they are x21x
3
3x
d1+2d−9
2
2 , x1x
3
3x
d1+2d−7
2
2 , x
3
3x
d1+2d−5
2
2 , therefore
J d1+2d+1
2
= {{x1, x2}
d1+2d+1
2 , x3{x1, x2}
d1+2d−1
2 , x23{x1, x2}
d1+2d−3
2 , x33{x1, x2}
d1+2d−5
2 , . . . ,
xd11 x
d1+3
2
3 {x1, x2}
d−d1−1, xd11 x
d1+5
2
3 {x1, x2}
d−d1−2, . . . , xd11 x
2d−d1+1
2
3 }.
One can easily prove by induction on 1 ≤ j ≤ d1−3
2
that
J d1+2d−1
2
+j
= Shad(J d1+2d−3
2
+j
) ∪ {x2j+13 x
2j
1 x
d1+2d−3
2
−3j
2 , . . . , x
2j+1
3 x
d1+2d−3
2
−3j
2 } =
= {{x1, x2}
d1+2d−1
2
+j, x3{x1, x2}
d1+2d−3
2
+j, . . . , x2j+23 {x1, x2}
d1+2d−3
2
−j ,
x2j+23 x
2j+3
1 {x1, x2}
d1+2d−11
2
−3j, . . . , x
d1+1
2
3 x
d1
1 {x1, x2}
d−d1−1, . . . , xd11 x
2d−d1−1
2
+j
3 }.
The assertion was already proved for j = 1 and the induction step is similar.
In all cases, we obtain
Jd1+d−2 = {{x1, x2}
d1+d−2, x3{x1, x2}
d1+d−3, . . . , xd1−23 {x1, x2}
d,
xd11 x
d1−1
3 {x1, x2}
d−d1−1, . . . , xd11 x
d−2
3 }.
We have |Jd1+d−1| − |Shad(Jd1+d−2)| = d1 so we must add d1 new monomials to
Shad(Jd1+d−2) in order to obtain Jd1+d−1. Since J is strongly stable and x3 is a
strong Lefschetz element for S/J , these new monomials are xd13 x
d−d1
2 {x1, x2}
d1−1,
therefore
Jd1+d−1 = ({x1, x2}
d1+d−1, x3{x1, x2}
d1+d−2, . . . , xd13 {x1, x2}
d−1,
xd11 x
d1+1
3 {x1, x2}
d−d1−2, . . . , xd11 x
d−1
3 ).
One can easily prove by induction on 1 ≤ j ≤ d− d1 that
Jd1+d−1+j = Shad(Jd1+d−2+j) ∪ {x
d1−2+2j
3 x
d−d1−j+1
2 {x1, x2}
d1−1} =
= {{x1, x2}
d1+d−2+j, x3{x1, x2}
d1+d−3+j , . . . , xd1−2+2j3 {x1, x2}
d−j,
xd11 x
d1−1+2j
3 {x1, x2}
d−d1−j−1, . . . , xd11 x
d−2+j
3 }
the case j = 1 being already done and than, the induction step being similar. In
particular, J2d−2 = {{x1, x2}
2d−2, x3{x1, x2}
2d−3, . . . , x2d−d1−23 {x1, x2}
d1}.
We have |J2d−1| − |Shad(J2d−2)| = d1 so we must add d1 new generators to
Shad(J2d−2) in order to obtain J2d−1. Since J is strongly stable and x3 is a strong
Lefschetz element for S/J , these new monomials are x2d−d13 {x1, x2}
d1−1 so
J2d−1 = {{x1, x2}
2d−1, x3{x1, x2}
2d−2, . . . , x2d−d13 {x1, x2}
d1−1}.
One can easily show by induction on 1 ≤ j ≤ d1 that
J2d−2+j = Shad(J2d−3+j) ∪ {x
2d−d1−2+2j
3 {x1, x2}
d1−j} =
= {{x1, x2}
2d−2+j , . . . , x2d−d1−2+2j3 {x1, x2}
d1−j}.
Finally, we obtain Jd1+2d−2 = Sd1+2d−2 and therefore we cannot add new minimal
generators of J in degrees > d1 + 2d− 2. 
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Corollary 3.14. In the conditions of the above proposition, the number of minimal
generators of J is d1(d+1)−
(
d1
2
)2
+1 if d is even; d1(d+1)−
d2
1
−1
4
+1 if d is odd.
Example 3.15. If d1 = 4, d2 = d3 = 6, then J = (x
4
1, x
3
1x
3
2, x
2
1x
4
2, x
7
2, x3x
6
2, x
2
3x1x
5
2,
x23x
6
2, x
4
3x
2
2{x1, x2}
3, x63x2{x1, x2}
3, x83{x1, x2}
3, x103 {x1, x2}
2, x123 {x1, x2}, x
14
3 ).
If d1 = 3 and d2 = d3 = 6, then: J = (x
3
1, x
2
1x
4
2, x1x
5
2, x1x
6
2, x
7
2, x
3
3x
3
2{x1, x2}
2,
x53x
2
2{x1, x2}
2, x73x2{x1, x2}
2, , x93{x1, x2}
2, x113 {x1, x2}
, x113 ).
• Subcase d1 < d2 < d3.
Proposition 3.16. Let 2 ≤ d1 < d2 < d3 be positive integers such that
d1 + d2 > d3 + 1. The Hilbert function of the standard graded complete inter-
section A = K[x1, x2, x3]/I, where I is the ideal generated by f1, f2, f3, with fi
homogeneous polynomials of degree di, for all i, with 1 ≤ i ≤ 3, has the form:
(1) H(A, k) =
(
k+2
k
)
, for k ≤ d1 − 2.
(2) H(A, k) =
(
d1+1
2
)
+ jd1, for k = j + d1 − 1, where 0 ≤ j ≤ d2 − d1.
(3) H(A, k) =
(
d1+1
2
)
+ d1(d2 − d1) +
∑j
i=1(d1 − i), for k = j + d2 − 1, where
0 ≤ k ≤ d3 − d2.
(4) H(A, k) =
(
d1+1
2
)
+ d1(d2 − d1) +
∑d3−1
i=1 (d1 − j) +
∑j
i=1(d1 + d2 − d3 − 2i),
for k = j + d3 − 1, where 0 ≤ j ≤ [
d1+d2−d3−1
2
].
(5) H(A, k) = H(A, d1 + d2 + d3 − 3− k) for k > d3 − 1 + [
d1+d2−d3−1
2
].
Proof. It follows from [10, Lemma 2.9(b)]. 
Corollary 3.17. In the conditions of Proposition 3.16, let J = Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk
the set of monomials of J of degree k, then:
(1) |Jk| = 0, for k ≤ d1 − 1.
(2) |Jk| = j(j + 1)/2, for k = j + d1 − 1, where 0 ≤ j ≤ d2 − d1.
(3) |Jk| = d2(d2−1)+j(d2−d1)+j(j+1), for k = j+d2−1, where 0 ≤ j ≤ d3−d2.
(4) |Jk| = |Jd3−1|+j(2d3−d1−d2)+
3j(j+1)
2
, for k = j+d3−1, where 0 ≤ j ≤ [
α−1
2
].
(5) If d1 + d2 + d3 is even then |Jk| = |J d1+d2+d3−4
2
|+ (j+1)(d1+d2+d3)
2
+ 3j(j+1)
2
, for
k = j + d1+d2+d3−2
2
, where 0 ≤ j ≤ d1+d2−d3−2
2
.
If d1 + d2 + d3 is odd then |Jk| = |J d1+d2+d3−3
2
| + j(d1+d2+d3)
2
+ 3j
2
2
, for
k = j + d1+d2+d3−3
2
, where 0 ≤ j ≤ d1+d2−d3−1
2
.
(6) |Jk| = |Jd1+d2−2|+ j(2d1 + 2d2 − d3 − 1) + j
2, for k = j + d1 + d2 − 2, where
0 ≤ d3 − d2.
(7) |Jk| = |Jd1+d3−2| + j(2d1 + d3 − 1) +
j(j+1)
2
, for k = j + d1 + d3 − 2, where
0 ≤ j ≤ d2 − d1.
(8) |Jk| = |Jd2+d3−1|+j(d1+d2+d3), for k = j+d1+d3−2, where 0 ≤ j ≤ d1−1
(9) Jk = Sk, for k ≥ 3d− 2.
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Proposition 3.18. Let 2 ≤ d1 < d2 < d3 be positive integers such that d1+d2 > d3+
1. Let f1, f2, f3 ∈ K[x1, x2, x3] be a regular sequence of homogeneous polynomials
of degrees d1, d2, d3. Let α = d1 + d2 − d3. Let I = (f1, f2, f3), J = Gin(I), the
generic initial ideal with respect to the reverse lexicographic order, and suppose S/I
has (SLP). If α is even, then:
J = (xd11 , x
d1−1
1 x
d2−d1+1
2 , x
d1−2
1 x
d2−d1+3
2 , . . . , x
d1+d2−d3
1 x
2d3−d1−d2−1
2 ,
xd1+d2−d3−2j1 x
2d3−d1−d2+3j−1
2 , x
d1+d2−d3−2j+1
1 x
2d3−d1−d2+3j−2
2 for j = 1, . . . ,
α− 2
2
,
x
d1+d2+d3−2
2
2 , x1x
d1+d2+d3−4
2
2 , x
2j
3 x
d1+d2+d3
2
−3j
2 {x1, x2}
2j−1for j = 1, . . . ,
α− 2
2
,
xd1+d2−d3+j−21 x
2d3−d1−d2−2j+2
2 x
d1+d2−d3+2j−2
3 , .., x
d3−j
2 x
d1+d2−d3+2j−2
3 for j = 1, .., d3−d2,
xd1−11 x
d1+d3−d2+2j−2
3 x
d2−d1−j+1
2 , . . . , x
d1+d3−d2+2j−2
3 x
d2−j
2 for j = 1, . . . , d2 − d1,
{x1, x2}
d1−jxd2+d3−d1−2+2j3 for j = 1, . . . , d1).
Otherwise, if α is odd, then:
J = (xd11 , x
d1−1
1 x
d2−d1+1
2 , x
d1−2
1 x
d2−d1+3
2 , . . . , x
d1+d2−d3
1 x
2d3−d1−d2−1
2 ,
xd1+d2−d3−2j1 x
2d3−d1−d2+3j−1
2 , x
d1+d2−d3−2j+1
1 x
2d3−d1−d2+3j−2
2 , j = 1, . . . ,
α− 1
2
,
x
d1+d2+d3−1
2
2 , x3x
d1+d2+d3−3
2
2 , x
2j
1 x
2j+1
3 x
d1+d2+d3−3
2
−3j
2 , .., x
2j+1
3 x
d1+d2+d3−3
2
−j
2 , j = 1, ..,
α− 3
2
,
xd1+d2−d3+j−21 x
2d3−d1−d2−2j+2
2 x
d1+d2−d3+2j−2
3 , .., x
d3−j
2 x
d1+d2−d3+2j−2
3 for j = 1, .., d3−d2,
xd1−11 x
d1+d3−d2+2j−2
3 x
d2−d1−j+1
2 , . . . , x
d1+d3−d2+2j−2
3 x
d2−j
2 for j = 1, . . . , d2 − d1,
{x1, x2}
d1−jxd2+d3−d1−2+2j3 for j = 1, . . . , d1).
Proof. We have |Jd1 | = 1, hence Jd1 = {x
d1
1 }, since J is strongly stable. Therefore:
Shad(Jd1) = {x
d1
1 {x1, x2}, x
d1
1 x3}.
Assume d2 > d1+1. Using the formulae from 3.17 we get |Jd1+1| − |Shad(Jd1)| = 0,
therefore
Jd1+1 = Shad(Jd1) = {x
d1
1 {x1, x2}, x
d1
1 x3}.
Using induction on 1 ≤ j ≤ d2 − d1 − 1 we prove that
Jd1+j = Shad(Jd1+j−1) = {x
d1
1 {x1, x2}
j , . . . , xj3x
d1
1 }.
Indeed, this assertion was already proved for j = 1, and if we suppose that is true for
some j < d2− d1− 1 we get |Jd1+j+1| = |Shad(Jd1+j)| so we are done. In particular,
we obtain Jd2−1 = {x
d1
1 {x1, x2}
d2−d1−1, x3x
d1
1 {x1, x2}
d2−d1−2, . . . , xd2−d1−13 x
d1
1 }.
We have |Jd2|−|Shad(Jd2−1)| = 1 so we must add a new generator to Shad(Jd2−1)
in order to obtain Jd2 . But since J is strongly stable and x3 is a strong Lef-
schetz element for S/J , this new generator is xd1−11 x
d2−d1+1
2 and therefore Jd2 =
{xd1−11 {x1, x2}
d2−d1+1, x3x
d1
1 {x1, x2}
d2−d1−1, . . . , xd2−d13 x
d1
1 }.
We show by induction on 1 ≤ j ≤ d3 − d2 that
Jd2−1+j = Shad(Jd2−2+j) ∪ {x
d1−j
1 x
d2−d1+2j−1
2 } =
= {xd1−j1 {x1, x2}
d2−d1+2j−1, . . . , xj3x
d1
1 {x1, x2}
d2−d1−1, . . . , xd2−d1+j−13 x
d1
1 }.
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The first step of induction was already done. Suppose the assertion is true for some
j < d3 − d2. Since |Jd2+j| − |Shad(Jd2−1+j)| = 1 and J is strongly stable and x3 is
a strong Lefschetz element for S/J , we add xd1−j−11 x
d2−d1+2j+1
2 to Shad(Jd2−1+j) in
order to obtain Jd2+j . Thus, we are done. In particular, we get
Jd3−1 = {x
d1+d2−d3
1 {x1, x2}
2d3−d1−d2−1, x3x
d1+d2−d3+1
1 {x1, x2}
2d3−d1−d2−3, . . . ,
xd3−d23 x
d1
1 {x1, x2}
d2−d1−1, . . . , xd3−d1−13 x
d1
1 }.
We consider first α = 2, i.e. d3 = d1 + d2 − 2. In this case, since |Jd3| −
|Shad(Jd3−1)| = 2 we add two new generators to Shad(Jd3−1) in order to obtain Jd3 .
Since J is strongly stable and x3 is a strong Lefschetz element for S/J , these new
generators are xd32 and x1x
d3−1
2 .
Suppose now α ≥ 2. We have |Jd3 | − |Shad(Jd3−1)| = 2 so we must add two
new generators to Shad(Jd3−1) to obtain Jd3 . Since J is strongly stable and x3 is a
strong Lefschetz element for S/J , these new generators are xd1+d2−d3−21 x
2d3−d1−d2+2
2
and xd1+d2−d3−11 x
2d3−d1−d2+1
2 , therefore
Jd3 = {x
d1+d2−d3−2
1 {x1, x2}
2d3−d1−d2+2, x3x
d1+d2−d3
1 {x1, x2}
2d3−d1−d2−1,
x23x
d1+d2−d3+1
1 {x1, x2}
2d3−d1−d2−3, . . . , xd3−d23 x
d1
1 {x1, x2}
d2−d1 , . . . , xd3−d13 x
d1
1 }.
One can prove by induction on 1 ≤ j ≤
⌊
α−1
2
⌋
that Jd3−1+j is the set
Shad(Jd3−2+j) ∪ {x
d1+d2−d3−2j
1 x
2d3−d1−d2+3j−1
2 , x
d1+d2−d3−2j+1
1 x
2d3−d1−d2+3j−2
2 } =
{xd1+d2−d3−2j1 {x1, x2}
2d3−d1−d2+3j−1, . . . , xd1+d2−d3−21 x
j−1
3 {x1, x2}
2d3−d1−d2+2, xj3Jd3−1}.
Indeed, the assertion was proved for j = 1 and the induction step is similar. In the
following, we must consider two possibilities: α is even or α is odd. Suppose first α
is even. We obtain that J d1+d2+d3−4
2
is the set
{x21{x1, x2}
d1+d2+d3−8
2 , . . . , xd1+d2−d3−21 x
d1+d2−d3−4
2
3 {x1, x2}
2d3−d1−d2+2, x
d1+d2−d3−2
2
3 Jd3−1}.
We have |J d1+d2+d3−2
2
| − |Shad(J d1+d2+d3−4
2
)| = 2 so we must add two generators to
Shad(J d1+d2+d3−4
2
) and, since J is strongly stable and x3 is a strong Lefschetz element
for S/J , these new generators are x
d1+d2+d3−2
2
2 and x1x
d1+d2+d3−4
2
2 . Therefore
J d1+d2+d3−2
2
= {{x1, x2}
d1+d2+d3−2
2 , x21x3{x1, x2}
d1+d2+d3−8
2 , . . . ,
xd1+d2−d3−21 x
d1+d2−d3−2
2
3 {x1, x2}
2d3−d1−d2+2, x
d1+d2−d3
2
3 Jd3−1}.
One can easily prove by induction on 1 ≤ j ≤ α−4
2
that J d1+d2+d3−2
2
+j
is the set
= Shad(J d1+d2+d3−4
2
+j
) ∪ {x2j3 x
2j−1
1 x
d1+d2+d3−2
2
−3j
2 , . . . , x
2j
3 x
d1+d2+d3−2
2
−j
2 } =
{{x1, x2}
d1+d2+d3−2
2
+j , . . . , x2j3 {x1, x2}
d1+d2+d3−2
2
−j, x2j+21 x
2j+1
3 {x1, x2}
d1+d2+d3−8
2
−3j , . . . ,
xd1+d2−d3−21 x
d1+d2−d3−2
2
+j
3 {x1, x2}
2d3−d1−d2+2, x
d1+d2−d3
2
+j
3 Jd3−1}.
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Suppose now α is odd. We have that J d1+d2+d3−3
2
is the set
{x1{x1, x2}
d1+d2+d3−5
2 , . . . , xd1+d2−d3−21 x
d1+d2−d3−3
2
3 {x1, x2}
2d3−d1−d2+2, x
d1+d2−d3−1
2
3 Jd3−1}.
We have |J d1+d2+d3−1
2
| − |Shad(J d1+d2+d3−3
2
)| = 2 so we must add two new generators
to Shad(J d1+d2+d3−3
2
) in order to obtain J d1+d2+d3−1
2
. Since J is strongly stable and
x3 is a strong Lefschetz element for S/J , these new generators are x
d1+d2+d3−1
2
2 and
x3x
d1+d2+d3−3
2
2 . Therefore
J d1+d2+d3−1
2
= {{x1, x2}
d1+d2+d3−1
2 , x3{x1, x2}
d1+d2+d3−3
2 , x31x
2
3{x1, x2}
d1+d2+d3−11
2 , . . . ,
xd1+d2−d3−21 x
d1+d2−d3−1
2
3 {x1, x2}
2d3−d1−d2+2, x
d1+d2−d3+1
2
3 Jd3−1}.
One can easily prove by induction on 1 ≤ j ≤ α−3
2
that
J d1+d2+d3−1
2
+j
= Shad(J d1+d2+d3−3
2
+j
)∪{x2j1 x
2j+1
3 x
d1+d2+d3−3
2
−3j
2 , . . . , x
2j+1
3 x
d1+d2+d3−3
2
−j
2 }.
For j = 1, we notice that |J d1+d2+d3+1
2
| − |Shad(J d1+d2+d3−1
2
)| = 3 so we must add
3 new monomials to Shad(J d1+d2+d3−1
2
) in order to obtain J d1+d2+d3+1
2
. But, since
J is strongly stable and x3 is a strong Lefschetz element for S/J , they are exactly
x21x
3
3x
d1+d2+d3−3
2
−3
2 , x1x
3
3x
d1+d2+d3−3
2
−2
2 and x
3
3x
d1+d2+d3−3
2
−1
2 , as required. The induction
step is similar.
In all cases, we obtain that Jd1+d2−2 is the set
{{x1, x2}
d1+d2−2, x3{x1, x2}
d1+d2−3, . . . , xd1+d2−d3−23 {x1, x2}
d3, xd1+d2−d3−13 Jd3−1}.
We have |Jd1+d2−1| − |Shad(Jd1+d2−2)| = α, so we must add α new generators to
obtain Jd1+d2−1. Since J is strongly stable and x3 is a strong Lefschetz element for
S/J , they are xd1+d2−d3−11 x
2d3−d1−d2
2 x
d1+d2−d3
3 , . . . , x
d3−1
2 x
d1+d2−d3
3 , therefore Jd1+d2−1
is the set
{{x1, x2}
d1+d2−1, . . . , xd1+d2−d33 {x1, x2}
d3−1, xd1+d2−d3+13 x
d1+d2−d3+1
1 {x1, x2}
2d3−d1−d2−3,
. . . , xd13 x
d1
1 {x1, x2}
d2−d1−1, xd11 x
d1+1
3 {x1, x2}
d2−d1−2, . . . , xd11 x
d2−1
3 }.
One can easily prove by induction on 1 ≤ j ≤ d3 − d2 that Jd1+d2−1+j is the set
Shad(Jd1+d2−2+j)∪{x
d1+d2−d3+j−1
1 x
2d3−d1−d2−2j
2 x
d1+d2−d3+2j
3 , . . . , x
d3−1−j
2 x
d1+d2−d3+2j
3 }
Indeed, the case j = 1 was already done and the induction step is similar. In
particular, we get
Jd1+d3−2 = {{x1, x2}
d1+d3−2, x3{x1, x2}
d1+d3−3, . . . , xd1+d3−d2−23 {x1, x2}
d2 ,
xd11 x
d1+d3−d2−1
3 {x1, x2}
d2−d1−1, . . . , xd11 x
d3−2
3 }.
Since |Jd1+d3−1|−|Shad(Jd1+d3−2)| = d1 we must add d1 generators to Shad(Jd1+d3−2)
in order to obtain Jd1+d3−1. Since J is strongly stable and x3 is a strong Lefschetz el-
ement for S/J , these new generators are xd1−11 x
d1+d3−d2
3 x
d2−d1
2 , . . . , x
d1+d3−d2
3 x
d2−1
2 ,so
Jd1+d3−1 is the set
{{x1, x2}
d1+d3−1, ..., xd1+d3−d23 {x1, x2}
d2−1, xd11 x
d1+d3−d2+1
3 {x1, x2}
d2−d1−2, ..., xd11 x
d3−1
3 }.
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We prove by induction on 1 ≤ j ≤ d2 − d1 that Jd1+d3−2+j is the set
Shad(Jd1+d3−3+j) ∪ {x
d1−1
1 x
d1+d3−d2+2j−2
3 x
d2−d1−j+1
2 , . . . , x
d1+d3−d2+2j−2
3 x
d2−j
2 }.
Indeed, we already proved this for j = 1 and the induction step is similar. We get
Jd2+d3−2 = {{x1, x2}
d1+d3−2, x3{x1, x2}
d1+d3−3, . . . , xd3+d2−d1−23 {x1, x2}
d1}.
One can easily prove by induction on 1 ≤ j ≤ d1 that
Jd2+d3−2+j = Shad(Jd2+d3−3+j) ∪ {x
d2+d3−d1−2+2j
3 {x1, x2}
d1−j} =
= {{x1, x2}
d2+d3−2+j, . . . , xd2+d3−d1−2+2j3 {x1, x2}
d1−j}.
Finally, we obtain Jd1+d2+d3−2 = Sd1+d2+d3−2 and therefore we cannot add new min-
imal generators of J in degrees > d1 + d2 + d3 − 2. 
Corollary 3.19. In the above conditions of the above proposition, the number of
minimal generators of J is d1(d2+1)−
(
α
2
)2
+1 if α is even or d1(d2+1)−
α2−1
4
+1
if α is odd.
Example 3.20. (1) Let d1 = 3 , d2 = 5 and d3 = 6. Then J = (x
3
1, x
2
1x
3
2, x1x
5
2, x
6
2,
x42x
2
3{x1, x2}, x
2
2x
4
3{x1, x2}
2, x2x
6
3{x1, x2}
2, x83{x1, x2}
2, x103 {x1, x2}, x
12
3 ).
(2) Let d1 = 4 , d2 = 5 and d3 = 6. Then J = (x
4
1, x
3
1x
2
2, x
2
1x
4
2, x1x
5
2, x
7
2, x3x
6
2,
x32x
3
3{x1, x2}
2, x2x
5
3{x1, x2}
3, x73{x1, x2}
3, x93{x1, x2}
2, x113 {x1, x2}, x
13
3 ).
Remark 3.21. If f1, f2, f3 ∈ S = K[x1, x2, x3] is a regular sequence of homogeneous
polynomials of given degrees d1, d2, d3 such that S/(f1, f2, f3) has (SLP ), then the
number of minimal generators of J = Gin((f1, f2, f3)), µ(J) ≤ d1(d2 + 1) + 1. This
follows immediately from 2.4, 2.9, 3.4, 3.9, 3.14 and 3.19.
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